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1 Introduction

Welfare gains from trade in monopolistic competition is an important issue in both theo-
retical and empirical research in international trade (see [7]).

The commonly called pro-competitive effects, based on the idea that international trade
increases competition, may influence gains from trade, as observed in [1] and [2]; however,
the intensity of these effects on welfare is not taken for granted. Arkolakis et al. [2] found
that, under variable elasticity of substitution (VES) that generates variable markups, gains
from trade liberalization are slightly lower than than those occurred in models with CES
utility; therefore pro-competitive effects are “elusive” in this case.

Even losses from trade are proved under VES conditions; indeed, Bykadorov et al. [4]
established necessary and sufficient conditions for welfare reduction in a generalized Dixit–
Stiglitz–Krugman model (see [5], [6]) when a general-form (unspecified) additive utility and
non-linear costs are assumed. The conditions under which losses may occur when jumping
from autarky to free trade are related to misaligned preferences and specific costs. Therefore,
these conditions are so stringent that [4] concludes that trade losses are unlikely in the real
economy.

This paper, in fact, generalizes the Krugman’s trade model in monopolistic competition
with two asymmetric countries presented in [3] and wonders whether there could be losses
from trade liberalization in a multi-country framework.

In case of symmetric countries, [3] proves that under VES there is not monotonicity
of gains from trade when trade freeness rises; indeed, the first step into trade is proved
to be harmful, while the highest gains happen near free trade. In case of two asymmetric
countries, Home (bigger) and Foreign (smaller), [3] found similar results in terms of losses
from trade, even though the bigger country showed higher wages and higher welfare than
the smaller one. Should such non-monotonicity hold in a multi-country world?

We consider an economy with one diversified sector with homogeneous firms, one pro-
duction factor and unspecified additive utilities, with several countries divided in two groups
(big and small countries): the consumer population is higher in the countries labeled as big.
Besides the domestic consumption, the model assumes that trade may occur both within
the countries of the same group and also among countries belonging to different groups.

Within each group of big and small countries firms are supposed to be identical, produc-
ing “varieties” of goods, one variety per firm; consumers are also identical. Moreover, we
assume that labor is the only scarce production factor, all entities (consumption, produc-
tion, size of firms) are measured in labor and trade is also balanced (as in [6], [3]), utilities
are additive functions and trade costs (τ) are of iceberg type (as in [3]).

The adoption of iceberg trade costs, which are very common in models of international
trade since Samuelson’s work, allows to relate the possible trade conditions (from autarky to
free trade trough trade liberalizations) to different values of the parameter τ ; liberalization
is thus associated to a reduction of τ . We distinguish a concept of partial autarky, where
only some forms of trade stop, from a concept of total autarky, where all international
trades stop, and we analyze the different types of autarky occurring when trade cost varies.

Under unspecified decreasingly-elastic utilities showing increasingly-elastic demand, we
prove that each price decreases with trade liberalization. With big trade costs, approaching
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autarky, liberalization pushes up variety but, necessarily, welfare in each country goes down
independently from the kind of trade that starts first! The reason is that the mass of
firms is excessive under decreasingly-elastic utilities, whereas liberalization aggravates this
market distortion with tiny compensation from increasing import. At the opposite extreme
of trade cost evolution, near free trade, we find that the total output of each firm decreases
and welfare increases in each country with liberalization, in spite of a decreasing wage
differential. The welfare differential behave similarly, it shows big-country advantage fading
through liberalization that explains fading agglomeration forces in a simple fashion. Such
VES effects generalize those under CES, whereas the effects near autarky are new since CES
excludes autarky (excludes zeros in the export matrix). Theoretically, our paper supports
[2] also in the case of a multi-country economy: VES economy can bring smaller trade gains
than CES one, it can even bring harmful trade. Practically, it warns: Do not liberalize
trade gradually!

The remainder of the paper is organized as follows.
Section 2 develops the model of monopolistic competition in case of many big and small
countries, by building demand and profit functions (sec. 2.1-2.2) for each group of big and
small countries. Labor and trade balance conditions and welfare function are also obtained
(sec. 2.3-2.4). Section 3 presents the equilibrium conditions in the symmetric case and
illustrates the behavior of the equilibrium variables as trade costs increase (sec. 3.1-3.2);
free trade and autarky are investigated more in detail and two propositions present the main
results (sec. 3.3-3.4). A simulation is illustrated in case of a simplified situation of three
big and three small countries and a suitable utility function (sec. 3.5). Section 4 presents
overall conclusions. Finally, section 5 (Appendix) collects all the detailed proofs.

2 An economy of many big and small countries

Let us consider K + 1 “big” identical countries and k + 1 “small” identical countries. Big
countries differ from small countries in the number of consumers, i.e., the quantity of labor.
More precisely, let be

• L the number of consumers (quantity of labor) in each big country,

• l the number of consumers (quantity of labor) in each small country,

with l ≤ L; so Γ = L · (K + 1) + l · (k + 1) is the total number of consumers in all the
countries. The number of firms in each country are assumed to be

• N the number (or mass) of firms in each big country,

• n the number (or mass) of firms in each small country.

For what concerns consumption/production, consider

• Xi the domestic consumption of the i-th firm in a big country, i ∈ [0, N ],

• Yi the foreign consumption of the i-th firm in a big country due to trade with other
big countries i ∈ [0, N ],
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• zi the foreign consumption of the i-th firm in a big country due to trade with small
countries, i ∈ [0, N ],

• xi the domestic consumption of the i-th firm in a small country, i ∈ [0, n],

• yi the foreign consumption of the i-th firm in a small country due to trade with other
small countries, i ∈ [0, n],

• Zi the foreign consumption of the i-th firm in a small country due to trade with big
countries, i ∈ [0, n];

and the corresponding prices

• PX
i , P Y

i , PZ
i , pxi , p

y
i , p

z
i . Figure 1 illustrates the notation in the case of three big and

three small countries.

Wages are assumed to be different in big and small countries:

• wB = w the wage in each big country,

• ws ≡ 1 the (normalized) wage in each small country.

Figure 1: Graphical representation of the case of three big and three small countries

We observe that [3] studies two special cases of the outlined economy: 1) one big and one
small country (i.e., K = k = 0, the vertical case, see figure 2(a)) and 2) K + 1 identical
countries (see figure 2(b), with K = 2).
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(a) (b)

Figure 2: Graphical representation of the case of two non-identical countries (a) and three
identical countries (b).

2.1 Consumers and demand functions

Each consumer has an elementary utility function u (·), three times differentiable, which
satisfies (see [8])

u(0) = 0, u′(ξ) > 0, u′′(ξ) < 0,

i.e., it is everywhere strictly increasing and strictly concave.
The problem of a representative consumer in a big country is given by

∫

i∈[0,N ]

u (Xi) di+K ·

∫

i∈[0,N ]

u (Yi) di+ (k + 1) ·

∫

i∈[0,n]

u (zi) di → max,

subject to:
∫

i∈[0,N ]

PX
i Xidi+K ·

∫

i∈[0,N ]

P Y
i Yidi+ (k + 1) ·

∫

i∈[0,n]

pzi zidi 6 w,

while the problem of a representative consumer in a small country is
∫

i∈[0,n]

u (xi) di+ k ·

∫

i∈[0,n]

u (yi) di+ (K + 1) ·

∫

i∈[0,N ]

u (Zi) di → max,

subject to:
∫

i∈[0,n]

pxi xidi+ k ·

∫

i∈[0,n]

p
y
i yidi+ (K + 1) ·

∫

i∈[0,N ]

PZ
i Zidi 6 1.

From the consumer’s First Order Conditions (FOC), one has the (inverse) demand functions

PX
i =

u′ (Xi)

Λ
, P Y

i =
u′ (Yi)

Λ
, pzi =

u′ (zi)

Λ
,
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pxi =
u′ (xi)

λ
, p

y
i =

u′ (yi)

λ
, PZ

i =
u′ (Zi)

λ
.

where Λ and λ are the Lagrange multipliers of the two above defined problems.
Assuming symmetry, prices can be rewritten omitting index i as

PX =
u′ (X)

Λ
, P Y =

u′ (Y )

Λ
, pz =

u′ (z)

Λ
, (1)

px =
u′ (x)

λ
, py =

u′ (y)

λ
, PZ =

u′ (Z)

λ
. (2)

2.2 Producers and profit functions

Let τ ≥ 1 be the trade cost assumed to be of iceberg type. We remind that the basic idea
behind iceberg costs is that the cost to transport a given quantity of good is paid with a
portion of that quantity.
The output (the size) of the i− th firm in a big country is given by

Qi = L ·Xi +K · τ · L · Yi + (k + 1) · τ · l · Zi

while
qi = l · xi + k · τ · l · yi + (K + 1) · τ · L · zi

is the output (the size) of the i− th firm in a small country.
Assuming symmetry the index i can be omitted allowing to rewrite outputs as

Q = L ·X +K · τ · L · Y + (k + 1) · τ · l · Z,

and
q = l · x+ k · τ · l · y + (K + 1) · τ · L · z,

Considering linear costs, let be
C(Qi) = c ·Qi + F

the total cost of the i− th firm in a big country, and

C(qi) = c · qi + F

the total cost of the i− th firm in a small country. Again, assuming symmetry it is possible
to omit the index i.
Summarizing, using the “normalized” revenue R (ξ) = u′ (ξ) · ξ and the demand functions,
assuming symmetry, the profit Π of a firm in a big country can be written as

Π = L ·
R (X)

Λ
+K · L ·

R (Y )

Λ
+ (k + 1) · l ·

R (Z)

λ
− w · C (Q) ,

and the profit π in a small country as

π = l ·
R (x)

λ
+ k · l ·

R (y)

λ
+ (K + 1) · L ·

R (z)

Λ
− C (q) .
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2.3 Labor and trade balances

Labor balances in the two kind of countries can be written as

N · C (Q) = L, n · C (q) = l. (3)

Trade balances in big and small countries are, respectively

N ·

(

K · L ·
R (Y )

Λ
+ (k + 1) · l ·

R (Z)

λ

)

= N ·K · L ·
R (Y )

Λ
+ n · (k + 1) · L ·

R (z)

Λ

and

n ·

(

k · l ·
R (y)

λ
+ (K + 1) · L ·

R (z)

Λ

)

= n · k · l ·
R (y)

λ
+N · (K + 1) · l ·

R (Z)

Λ
.

Note that, after some cancellation, the two trade balances can both be rewritten by means
of only one equation

N · l ·
R (Z)

λ
= n · L ·

R (z)

Λ
,

i.e., by substituting N and n from the labor balances (3),

R (Z)

λ · C (Q)
=

R (z)

Λ · C (q)
(4)

which we rewrite as

TB =
R (Z)

λ · C (Q)
−

R (z)

Λ · C (q)
= 0. (5)

2.4 Welfare functions

The welfare in each big country is

WB = L · (N · (u (X) +K · u (Y )) + n · (k + 1) · u (z))

while in each small country it is

W s = l · (n · (u (x) + k · u (y)) +N · (K + 1) · u (Z)) .

Using labor balance (3), the welfare functions can be rewritten as, respectively,

WB = L ·

(

L ·
u (X) +K · u (Y )

C (Q)
+ l · (k + 1) ·

u (z)

C (q)

)

and

W s = l ·

(

l ·
u (x) + k · u (y)

C (q)
+ L · (K + 1) ·

u (Z)

C (Q)

)

.

The total welfare is therefore

W ≡ (K + 1) ·WB + (k + 1) ·W s =

= L · (K + 1) ·
L · u (X) +K · L · u (Y ) + (K + 1) · l · u (Z)

C (Q)
+

+l · (k + 1) ·
l · u (x) + k · l · u (y) + (k + 1) · L · u (z)

C (q)
.
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3 Equilibrium

In the monopolistic competition framework, firms are assumed to freely enter the mar-
ket while their profit remains positive, which implies zero-profit (free-entry) conditions in
equilibrium. In the symmetric case we get

Π = 0, π = 0 . (6)

Considering producer’s First Order Conditions (FOC) in the symmetric case we obtain

∂Π

∂X
= 0,

∂Π

∂Y
= 0,

∂Π

∂Z
= 0,

∂π

∂x
= 0,

∂π

∂y
= 0,

∂π

∂z
= 0, (7)

Second Order Conditions (SOC), since costs are assumed to be linear, are given by

∂2Π

∂X∂X
< 0,

∂2Π

∂Y ∂Y
< 0,

∂2Π

∂Z∂Z
< 0,

∂2π

∂x∂x
< 0,

∂2π

∂y∂y
< 0,

∂2π

∂z∂z
< 0,

which can be easily rewritten in terms of normalized revenue R as

R′′ (X) < 0, R′′ (Y ) < 0, R′′ (Z) < 0, R′′ (x) < 0, R′′ (y) < 0, R′′ (z) < 0.

Let us consider some more notation that will be used in the following. Given a function
f (ξ), define the elasticity 1

Ef (ξ) =
f ′ (ξ) · ξ

f (ξ)

and the Arrow-Pratt measure

rf (ξ) = −
f ′′ (ξ) · ξ

f ′ (ξ)
= −Ef ′ (ξ) .

Therefore SOC can be written as (see [8])

ru′ (X) < 2, ru′ (Y ) < 2, ru′ (Z) < 2, ru′ (x) < 2, ru′ (y) < 2, ru′ (z) < 2. (8)

3.1 Symmetric equilibrium

A symmetric equilibrium is a bundle
(

X∗, Y ∗, Z∗, x∗, y∗, z∗,Λ∗, λ∗, w∗, N∗, n∗, PX∗

, P Y ∗

, PZ∗

, px
∗

, py
∗

, pz
∗

)

satisfying:
1) utility maximization (1) and (2),
2) labor and trade balances (3) and (5),
3) free entry condition (6),

1Observe that Eu (ξ) < 1 ∀ξ > 0. Indeed, ∀ξ > 0,Eu (ξ) < 1 ⇐⇒ u′ (ξ) · ξ − u (ξ) < 0 ∀ξ > 0. Consider
the function g (ξ) = u′ (ξ) · ξ − u (ξ) . One has g′ (ξ) ≡ u′′ (ξ) · ξ < 0 ∀ξ > 0 due to the strict concavity of u.
But g (0) = u (0) = 0. Hence g (ξ) < 0 ∀ξ > 0, i.e., u′ (ξ) · ξ − u (ξ) < 0 ∀ξ > 0.
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4) profit maximization (7) and (8).

Remark that from (3) it is possible to obtain N and n, while (1), (2) allow to deduce
prices, so that it is possible to consider only variables (X,Y,Z, x, y, z,Λ, λ, w), to express
the symmetric equilibrium conditions by means of a reduced system of equations (5), (6),
(7), i.e.,

∂Π

∂X
= 0,

∂Π

∂Y
= 0,

∂Π

∂Z
= 0,

∂π

∂x
= 0,

∂π

∂y
= 0,

∂π

∂z
= 0,

Π = 0, π = 0, TB = 0 .

In the following we will mainly focus on symmetric equilibrium in the case in which the
utility functions u have an increasing Arrow-Pratt measure ru (·). This means that we will
focus on the so-called “pro-competitive” case. The meaning of “pro-competitiveness” has
been explained, e.g. in [8], where a closed economy (only one country) was considered. It
turns out that, in equilibrium, the mass of firms increases w.r.t. market size while price
decreases if ru (·) increases, and price increases if ru (·) decreases; of course, price is constant
if ru (·) is constant, i.e., in CES-case. An increasing of the mass of firms corresponds to
an increase of competition. Therefore, if r′u (·) > 0 then price decreases (“pro-competitive”
case) while if r′u (·) < 0 then price increases (“anti-competitive” case). In our opinion, the
“pro-competitive” case is more natural .

3.2 Comparative statics w.r.t. trade cost τ

To simplify notation, given a variable ϕ its elasticity w.r.t. trade cost τ will be denoted as

Eϕ = Eϕ/τ =
dϕ

dτ
·
τ

ϕ
.

The Lemma below, characterizing the derivatives of some variables in equilibrium, will be
useful to study the behavior of equilibrium variables as the trade cost τ changes. The proofs
of the following Lemmas 1, 2, 3 and 4 are reported in section 4.

Lemma 1. In equilibrium

dX

dτ
=

1

τ
·
EΛ + Ew

R′′ (X)

R′ (X)

,
dY

dτ
=

1

τ
·
EΛ + Ew + 1

R′′ (Y )

R′ (Y )

,
dZ

dτ
=

1

τ
·
Eλ + Ew + 1

R′′ (Z)

R′ (Z)

,

dx

dτ
=

1

τ
·

Eλ

R′′ (x)

R′ (x)

,
dy

dτ
=

1

τ
·
Eλ + 1

R′′ (y)

R′ (y)

,
dz

dτ
=

1

τ
·
EΛ + 1

R′′ (z)

R′ (z)

,

dQ

dτ
= L ·

dX

dτ
+K · L ·

(

Y + τ ·
dY

dτ

)

+ (k + 1) · l ·

(

Z + τ ·
dZ

dτ

)

,

dq

dτ
= l ·

dx

dτ
+ k · l ·

(

y + τ ·
dy

dτ

)

+ (K + 1) · L ·

(

z + τ ·
dz

dτ

)

,
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where EΛ , Eλ , Ew satisfy the linear equations

L ·

(

R (X)

Λ
+K ·

R (Y )

Λ

)

· (EΛ + Ew) + (k + 1) · l ·
R (Z)

λ
· (Eλ + Ew)+

+
R′ (Z)

λ
· (K · L · Y + (k + 1) · l · Z) = 0,

(K + 1) ·L ·
R (z)

Λ
· EΛ + l ·

(

R (x)

λ
+ k ·

R (y)

λ

)

· Eλ +
R′ (z)

Λ
· (k · l · y + (K + 1) · L · z) = 0,

EC (Q) · EQ − EC (q) · Eq − ER (Z) · EZ + ER (z) · Ez/τ + (Eλ − EΛ) = 0.

Moreover,

EPX =
ru (X)

rR (X)
· (EΛ + Ew)− EΛ, EPY =

ru (Y )

rR (Y )
· (EΛ + Ew + 1)− EΛ,

EPZ =
ru (Z)

rR (Z)
· (Eλ + Ew + 1)− Eλ, Epx =

ru (x)

rR (x)
· Eλ − Eλ,

Epy =
ru (y)

rR (y)
· (Eλ + 1)− Eλ, Epz =

ru (z)

rR (z)
· (EΛ + 1)− EΛ.

3.3 The case of free trade

Consider the situation of free trade, i.e., τ = 1. Then

X = Y = Z = x = y = z,

w = 1, Λ = λ,

Q = q = ((K + 1) · L+ (k + 1) · l) ·X = Γ ·X.

To simplify notation, let us drop the independent variable as in R = R (X) = R (Y ) , C =
C (Q) , ER = ER (X) , and so on.
The equilibrium equations become

R′ = Λ · C ′, Γ · R = Λ · C,

hence
EC = ER (≡ 1− ru) .

Lemma 2. In free trade,

N =
L

C
≥

l

C
= n, Ew =

L− l

Γ
· ER ∈ [0, 1] ,

EΛ = −

(

l · (k + 1) ·
L− l

Γ
·

rR − 1

ER + rR
+ Γ− l

)

·
ER

Γ
,
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Eλ = −

(

−L · (K + 1) ·
L− l

Γ
·

rR − 1

ER + rR
+ Γ− l

)

·
ER

Γ
< 0,

dX

dτ
= −

X

rR
· (EΛ + Ew) ,

dY

dτ
= −

X

rR
· (EΛ + Ew + 1) ,

dZ

dτ
= −

X

rR
· (Eλ + Ew + 1) ,

dx

dτ
= −

X

rR
· Eλ > 0,

dy

dτ
= −

X

rR
· (Eλ + 1) ,

dz

dτ
= −

X

rR
· (EΛ + 1) ,

dQ

dτ
= (Γ− L) ·

r′u ·X
2

rR · ER
,

dq

dτ
= (Γ− l) ·

r′u ·X2

rR · ER
.

Moreover

dN

dτ
= −Γ · L · (Γ− L) ·

r′u ·X
3

C · rR
, EN = −Γ · (Γ− L) ·

r′u ·X3

rR
,

dn

dτ
= −Γ · l · (Γ− l) ·

r′u ·X3

C · rR
, En = −Γ · (Γ− l) ·

r′u ·X
3

rR
,

EPX = −
r′u ·X

rR · ER
· EΛ +

ru

rR
· Ew , EPY = −

r′u ·X

rR · ER
· EΛ +

ru

rR
· (Ew + 1) ,

EPZ = −
r′u ·X

rR · ER
· Eλ +

ru

rR
· (Ew + 1) , Epx = −

r′u ·X

rR ·ER
· Eλ ,

Epy = −
r′u ·X

rR ·ER
· Eλ +

ru

rR
, Epz = Epz = −

r′u ·X

rR ·ER
· EΛ +

ru

rR
.

In the free trade case, the welfare functions in big and small countries become, respectively

WB = L · (N · (1 +K) + n · (k + 1)) · u =

= L · (L · (1 +K) + l · (k + 1)) ·
u

C
= L · Γ ·

u

C
,

and
W s = l · (n · (k + 1) +N · (K + 1)) · u =

= l · (l · (k + 1) + L · (1 +K)) ·
u

C
= l · Γ ·

u

C

and the total welfare becomes W = (K + 1) ·WB + (k + 1) ·W s = Γ2 ·
u

C
.

Lemma 3. In free trade,

∂WB

∂τ
= −

L · u

Γ · C · rR
·
(

AB +BB · r′u ·X
)

,

∂W s

∂τ
= −

l · u

Γ · C · rR
·
(

As +Bs · r′u ·X
)

,

11



where

AB = (Γ · L ·K + l · (k + 1) · (Γ− L+ l + (L− l) ·ru)) ·
rR ·Eu

ER + rR
> 0,

BB = (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) ·
((1− Eu) · ER + r′u ·X)

(ER + rR) ·ER
,

As = Eu ·

(

L · (K + 1) · (L− l) ·
rR ·ER

ER + rR
+ Γ · (Γ− l) · ru

)

> 0,

Bs = L · (K + 1) · (L− l) ·
Eu

ER + rR
+ (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) > 0.

From Lemma 2 and Lemma 3 we get a characterization of consumption and variety changes
when the world economy departs from free trade to a costly one:

Proposition 1. In free trade, as (almost zero) trade costs increase, domestic consumption
in a small country (x) increases. Moreover, in the pro-competitive case (r′u > 0) the do-
mestic consumption in a big country (X), outputs Q and q and all prices increase, while
the mass of firms N and n and welfare WB and W s decrease; moreover

dx

dτ
>

dX

dτ
> 0,

dq

dτ
>

dQ

dτ
> 0,

dN

dτ
<

dn

dτ
< 0, En < EN < 0.

3.4 The case of total autarky

With autarky trade stops. We distinguish here three types of (“partial”) autarky:

a) Trade among big countries stops (Y = 0);

b) Trade among big and small countries stops (Z = z = 0);

c) Trade among small countries stops (y = 0).

Let us say the autarky is “total” if all (International) trade stops, i.e., a), b), c) hold
together. Depending on the order (w.r.t. τ) in which a), b), c) happen, we can consider six
cases:

• Case a− b− c, i.e. τ1 ≤ τ2 ≤ τ3 exist such that

Y (τ1) = 0, Z (τ2) = z (τ2) = 0, y (τ3) = 0.

• Case b− a− c, i.e. τ1 ≤ τ2 ≤ τ3 exist such that

Z (τ1) = z (τ1) = 0, Y (τ2) = 0, y (τ3) = 0.
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• Case a− c− b, i.e. τ1 ≤ τ2 ≤ τ3 exist such that

Y (τ1) = 0, y (τ2) = 0, Z (τ3) = z (τ3) = 0.

• Case c− a− b, i.e. τ1 ≤ τ2 ≤ τ3 exist such that

y (τ1) = 0, Y (τ2) = 0, Z (τ3) = z (τ3) = 0.

• Case b− c− a, i.e. τ1 ≤ τ2 ≤ τ3 exist such that

Z (τ1) = z (τ1) = 0, y (τ2) = 0, Y (τ3) = 0.

• Case c− b− a, i.e. τ1 ≤ τ2 ≤ τ3 exist such that

y (τ1) = 0, Z (τ2) = z (τ2) = 0, Y (τ3) = 0.

Focusing on the study of total autarky, we are interested only in the last kind of international
trade that stops, so that cases a− b− c and b− a− c, a− c− b and c− a− b, b− c− a and
c− b− a coincide, i.e., we consider only three different cases:

• Case I) the last trade that stops, is among small countries.

• Case II) the last trade that stops, is among big and small countries.

• Case III) the last trade that stops, is among big countries.

Obviously, in Case I), X,PX , Q,N,w,WB are constant w.r.t. τ on [τ2, τ3], levels of trade
costs for which big countries are already in a state of autarky. In the same way, in Case
III), x, px, q, n, w,W s are constant w.r.t. τ on [τ2, τ3].

Lemma 4. In total autarky,

• in case I) we have

Eλ = EΛ =
dx

dτ
== Epx = 0, Epy =

1

2
,

dy

dτ
=

R′ (y)

R′′ (y)
·
1

τ
< 0, En = −k · l ·

c · τ2

C (q)
·
dy

dτ
> 0,

dq

dτ
= k · l · τ ·

dy

dτ
< 0,

Epy =
1

2

(

=⇒ 0 = EPX = Epx < Epy =
1

2

)

dW s

dτ
= k · l2 · τ ·

u (x) ·ER (x)

x
·
Eu (x)− 1

C (q)
·
dy

dτ
> 0;

13



• in case II) we have

Eλ = EΛ+Ew =
dX

dτ
=

dx

dτ
= Epx = 0, EPX = Ew =

R′′ (Z)

λ · C (q)
− w2·

R′′ (z)

Λ · C (Q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

∈ (−1, 1) ,

dZ

dτ
=

2

τ
·

R′ (Z)

λ · C (q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

< 0,
dz

dτ
= w ·

C (q)

C (Q)
·
dZ

dτ
< 0,

dQ

dτ
= l · (k + 1) · τ ·

dZ

dτ
< 0,

dq

dτ
= L · (K + 1) · τ ·

dz

dτ
< 0,

EPZ = Epz =
1

2
· (Ew + 1) =

1

1+w2·
λ · C (q) · R′′ (z)

Λ · C (Q) · R′′ (Z)

∈ (0, 1) ,

EN = −l · (k + 1) ·
c · τ2

C (Q)
·
dZ

dτ
> 0, En = −L · (K + 1) ·

c · τ2

C (q)
·
dz

dτ
> 0,

dWB

dτ
= L · l · (k + 1) · w ·

R′ (z)

C (Q)
·
Eu (X)− 1

Eu (X)
·
dZ

dτ
> 0,

dW s

dτ
= L · l · (K + 1) ·

1

w
·
R′ (Z)

C (q)
·
Eu (x)− 1

Eu (x)
·
dz

dτ
> 0;

• in case III) we have

Eλ = EΛ =
dX

dτ
= EPX = 0, EPY = 1

dY

dτ
=

1

τ
·
R′ (Y )

R′′ (Y )
< 0, EN = −K · L ·

c · τ2

C (Q)
·
dY

dτ
> 0,

dQ

dτ
= K · L · τ ·

dY

dτ
< 0,

dWB

dτ
= L2 ·K ·

u (X) ·ER (X)

X
· τ ·

Eu (X)− 1

C (Q)
·
dY

dτ
> 0.

From Lemma 4 we get a characterization of consumption and variety changes, when the
world economy leaves prohibitively high trade costs (autarchy) for smaller ones:
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Proposition 2. Starting from total autarchy, when trade liberalization2 begins,

• in Case I): in each small country, domestic consumption x and its price px remain
constant; foreign consumption (of the production of a small country) y and output q
increase while the mass of firms n and welfare W sdecrease;

• in Case II): domestic consumptions X and x and their prices PX and px remain
constant; foreign consumption (in big countries of the production of a small country,
and vice versa) Z and z and outputs Q and q increase while both mass of firms N , n
and welfare WB, W s decrease;

• in Case III): in each big country, domestic consumption X and its price PX remain
constant; foreign consumption (of the production of another big country) Y and output
Q increase while mass of firms N and welfare WB both decrease.

3.5 A numerical example

Consider the simplified case of three big countries (K = 2) and three small countries (k = 2)
with L = 3 and l = 1 consumers. We assume variable and fixed costs to be c = 3.33 and
F = 1, respectively. The consumer utility is assumed to be

u(x, a,m) =
(a+ 1)m+1

(

(a+ x)1−m − a1−m
)

1−m
− ax

with a = 1,m = 0.25. In this example as trade costs increase, the trade first stops among
big countries, then among big and small countries and finally also among small countries
(i.e., we have sub-case a− b− c of case I); this way τ1 ≤ τ2 ≤ τ3 exist such that Y (τ1) = 0,
Z (τ2) = z (τ2) = 0 and y (τ3) = 0, in particular τ1 ≈ 1.43, τ2 ≈ 1.59 and τ3 ≈ 1.79.

The simulation results are reported in figures 3 and 4 and illustrate the behaviors of the
equilibrium variables. In particular, for what concerns free trade (τ = 1) and (total) autarky
(τ ≈ 1.79), the behavior of all variables corresponds to the statements of Propositions 1
and 2.

The pictures display also some interesting features of the variables for intermediate
values of trade costs, recalling rather similar results of the massive simulations reported in
[3] for the case of only two countries. In particular, we observe that productions Q, q are not
monotone, both with a maximum in ]1, τ1[, i.e., when there is trade among all countries but
not free trade. We also observe that big countries consumption of small countries production
(Z) is lower than small countries consumption of big countries production (z) before trade
among big and small countries definitively stops. For what concerns the masses of firms in
big (N) and small (n) countries, we observe that the mass of firms in big countries is three
times the mass of firms in small countries in free trade (since L = 3l), it becomes N ≈ 4n

2Trade liberalization means that trade cost τ decreases.
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in τ1 (when trade among big countries stops), N ≈ 2.5n in τ2 (when also trade among big
and small countries stops) and N ≈ 2n in total autarky.

The welfare has only one minimum both for big and small countries. Big countries
reach their minimum welfare in [1, τ1], i.e. when there is trade among all countries. It is
interesting to observe that welfare in small countries have minimum in [τ1, τ2] when trade
costs are high enough to force big countries to stop trading with other big countries.

4 Conclusions

We have modified Krugman’s (1979) model of international trade with variable elasticity
of substitution for the case of multiple asymmetric countries. When the countries include
several “big” and several “small” ones, the model remains tractable enough for analytical
predictions. A surprising one is social harm from gradual trade liberalization (decreasing
trade costs) at its first steps, near autarchy. Welfare decreases here because consumption
of new foreign varieties grows slowly but the mass of firms drops sharply, which means
business destruction by foreign competition. By contrast, welfare gains at the last steps
of globalization are the most essential ones among the globalization path. The moral for
policy makers is: Do not liberalize gradually, the main prize is at the end.
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(a) X, big countries (b) Y , big countries (c) x, small countries

(d) y, small countries (e) Z, z big/small countries (f) Q, big countries

(g) q, small countries (h) N , big countries (i) n, small countries

Figure 3: Behavior of consumption (from (a) to (e)), output ((f), (g)) and number (mass)
of firms ((h), (i)) in the example of three big and three small countries (with L = 3, l = 1,
K = 2, k = 2, c = 3.33, F = 1).
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(a) pX , big countries (b) pY , big countries (c) pZ big/small countries

(d) px, small countries (e) py, small countries (f) pz small/big countries

(g) w, big countries (h) welfare, big countries (i) welfare, small countries

Figure 4: Behavior of prices (from (a) to (f)), wage ((g)) and welfare ((h), (i)) in the
example of three big and three small countries (with L = 3, l = 1, K = 2, k = 2, c = 3.33,
F = 1).
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5 Appendix. Proofs

5.1 Proof of Lemma 1

The study of comparative statics w.r.t. τ requires to fulfil:

d

dτ

(

∂Π

∂X

)

= 0,
d

dτ

(

∂Π

∂Y

)

= 0,
d

dτ

(

∂Π

∂Z

)

= 0,

d

dτ

(

∂π

∂x

)

= 0,
d

dτ

(

∂π

∂y

)

= 0,
d

dτ

(

∂π

∂z

)

= 0,

dΠ

dτ
= 0,

dπ

dτ
= 0,

d

dτ
(TB) = 0,

where

TB =
R (Z)

λ · C (Q)
−

R (z)

Λ · C (q)
.

The above equations can be rewritten as

∂2Π

∂X∂X
·
dX

dτ
+

∂2Π

∂X∂Y
·
dY

dτ
+

∂2Π

∂X∂Z
·
dZ

dτ
+

∂2Π

∂X∂Λ
·
dΛ

dτ
+

∂2Π

∂X∂λ
·
dλ

dτ
+

∂2Π

∂X∂w
·
dw

dτ
+

∂2Π

∂X∂τ
= 0

∂2Π

∂Y ∂X
·
dX

dτ
+

∂2Π

∂Y ∂Y
·
dY

dτ
+

∂2Π

∂Y ∂Z
·
dZ

dτ
+

∂2Π

∂Y ∂Λ
·
dΛ

dτ
+

∂2Π

∂Y ∂λ
·
dλ

dτ
+

∂2Π

∂Y ∂w
·
dw

dτ
+

∂2Π

∂Y ∂τ
= 0

∂2Π

∂Z∂X
·
dX

dτ
+

∂2Π

∂Z∂Y
·
dY

dτ
+

∂2Π

∂Z∂Z
·
dZ

dτ
+

∂2Π

∂Z∂Λ
·
dΛ

dτ
+

∂2Π

∂Z∂λ
·
dλ

dτ
+

∂2Π

∂Z∂w
·
dw

dτ
+

∂2Π

∂Z∂τ
= 0

∂2π

∂x∂x
·
dx

dτ
+

∂2π

∂x∂y
·
dy

dτ
+

∂2π

∂x∂z
·
dz

dτ
+

∂2π

∂x∂Λ
·
dΛ

dτ
+

∂2π

∂x∂λ
·
dλ

dτ
+

∂2π

∂x∂τ
= 0

∂2π

∂y∂x
·
dx

dτ
+

∂2π

∂y∂y
·
dy

dτ
+

∂2π

∂y∂z
·
dz

dτ
+

∂2π

∂y∂Λ
·
dΛ

dτ
+

∂2π

∂y∂λ
·
dλ

dτ
+

∂2π

∂y∂τ
= 0

∂2π

∂z∂x
·
dx

dτ
+

∂2π

∂z∂y
·
dy

dτ
+

∂2π

∂z∂z
·
dz

dτ
+

∂2π

∂z∂Λ
·
dΛ

dτ
+

∂2π

∂z∂λ
·
dλ

dτ
+

∂2π

∂z∂τ
= 0

∂Π

∂X
·
dX

dτ
+

∂Π

∂Y
·
dY

dτ
+

∂Π

∂Z
·
dZ

dτ
+

∂Π

∂Λ
·
dΛ

dτ
+

∂Π

∂λ
·
dλ

dτ
+

∂Π

∂w
·
dw

dτ
+

∂Π

∂τ
= 0

∂π

∂x
·
dx

dτ
+

∂π

∂y
·
dy

dτ
+

∂π

∂z
·
dz

dτ
+

∂π

∂Λ
·
dΛ

dτ
+

∂π

∂λ
·
dλ

dτ
+

∂π

∂τ
= 0

∂TB

∂X
·
dX

dτ
+

∂TB

∂Y
·
dY

dτ
+

∂TB

∂Z
·
dZ

dτ
+

∂TB

∂x
·
dx

dτ
+

∂TB

∂y
·
dy

dτ
+

∂TB

∂z
·
dz

dτ
+

+
∂TB

∂Λ
·
dΛ

dτ
+

∂TB

∂λ
·
dλ

dτ
+

∂TB

∂τ
= 0

i.e., using producer’s FOC, Free Entry and linearity of Costs,

R′′ (X)

Λ
·
dX

dτ
−

R′ (X)

Λ2
·
dΛ

dτ
− C′ ·

dw

dτ
= 0

R′′ (Y )

Λ
·
dY

dτ
−

R′ (Y )

Λ2
·
dΛ

dτ
− τ · C′ ·

dw

dτ
− w · C′ = 0
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R′′ (Z)

λ
·
dZ

dτ
−

R′ (Z)

λ2
·
dλ

dτ
− τ · C′ ·

dw

dτ
− w · C′ = 0

R′′ (x)

λ
·
dx

dτ
−

R′ (x)

λ2
·
dλ

dτ
= 0

R′′ (y)

λ
·
dy

dτ
−

R′ (y)

λ2
·
dλ

dτ
− C′ = 0

R′′ (z)

Λ
·
dz

dτ
−

R′ (z)

Λ2
·
dΛ

dτ
− C′ = 0

−L·

(

R (X)

Λ2
+K ·

R (Y )

Λ2

)

·
dΛ

dτ
−(k + 1)·l·

R (Z)

λ2
·
dλ

dτ
−C (Q)·

dw

dτ
−w·C′·(K · L · Y + (k + 1) · l · Z) = 0

− (K + 1) · L ·
R (z)

Λ2
·
dΛ

dτ
− l ·

(

R (x)

λ2
+ k ·

R (y)

λ2

)

·
dλ

dτ
− C′ · (k · l · y + (K + 1) · L · z) = 0

−
R (Z) · C′ · L

λ · (C (Q))2
·
dX

dτ
−

R (Z) · C′ ·K · τ · L

λ · (C (Q))2
·
dY

dτ
+

R′ (Z) · C (Q)−R (Z) · C′ · (k + 1) · τ · l

λ · (C (Q))2
·
dZ

dτ
+

+
R (z) · C′ · l

Λ · (C (q))2
·
dx

dτ
+

R (z) · C′ · k · τ · l

Λ · (C (q))2
·
dy

dτ
−

R′ (z) · C (q)−R (z) · C′ · (K + 1) · τ · L

Λ · (C (q))2
·
dz

dτ
+

+
R (z)

Λ2 · C (q)
·
dΛ

dτ
−

R (Z)

λ2 · C (Q)
·
dλ

dτ
+

+C′ ·

(

R (z) · (k · l · y + (K + 1) · L · z)

Λ · (C (q))
2 −

R (Z) · (K · L · Y + (k + 1) · l · Z)

λ · (C (Q))
2

)

= 0

i.e., using again producer’s FOC, Free Entry, and elasticities w.r.t. τ for Λ, λ, w:

dX

dτ
=

1

τ
·
EΛ + Ew

R′′ (X)

R′ (X)

,
dY

dτ
=

1

τ
·
EΛ + Ew + 1

R′′ (Y )

R′ (Y )

,
dZ

dτ
=

1

τ
·
Eλ + Ew + 1

R′′ (Z)

R′ (Z)

,

dx

dτ
=

1

τ
·

Eλ

R′′ (x)

R′ (x)

,
dy

dτ
=

1

τ
·
Eλ + 1

R′′ (y)

R′ (y)

,
dz

dτ
=

1

τ
·
EΛ + 1

R′′ (z)

R′ (z)

,

L·

(

R (X)

Λ
+K ·

R (Y )

Λ

)

·(EΛ + Ew)+(k + 1)·l·
R (Z)

λ
·(Eλ + Ew)+

R′ (Z)

λ
·(K · L · Y + (k + 1) · l · Z) = 0

(K + 1) · L ·
R (z)

Λ
· EΛ + l ·

(

R (x)

λ
+ k ·

R (y)

λ

)

· Eλ +
R′ (z)

Λ
· (k · l · y + (K + 1) · L · z) = 0

−
R (Z) · C′

λ · (C (Q))2
·

(

L ·
dX

dτ
+K · τ · L ·

dY

dτ
+ (k + 1) · τ · l ·

dZ

dτ

)

+
R′ (Z)

λ · C (Q)
·
dZ

dτ
+

+
R (z) · C′

Λ · (C (q))2
·

(

l ·
dx

dτ
+ k · τ · l ·

dy

dτ
+ (K + 1) · τ · L ·

dz

dτ

)

−
R′ (z)

Λ · C (q)
·
dz

dτ
+

+
R (z)

Λ · C (q)
·
1

τ
· EΛ −

R (Z)

λ · C (Q)
·
1

τ
· Eλ+

+C′ ·

(

R (z) · (k · l · y + (K + 1) · L · z)

Λ · (C (q))
2 −

R (Z) · (K · L · Y + (k + 1) · l · Z)

λ · (C (Q))
2

)

= 0 .
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Moreover since

dQ

dτ
= L ·

dX

dτ
+K · L ·

(

Y + τ ·
dY

dτ

)

+ (k + 1) · l ·

(

Z + τ ·
dZ

dτ

)

,

dq

dτ
= l ·

dx

dτ
+ k · l ·

(

y + τ ·
dy

dτ

)

+ (K + 1) · L ·

(

z + τ ·
dz

dτ

)

,

the last equation can be rewritten as

R (Z)

λ · C (Q)
·

(

C′

C (Q)
·
dQ

dτ
+

1

τ
· Eλ

)

−
R (z)

Λ · C (q)
·

(

C′

C (q)
·
dq

dτ
+

1

τ
· EΛ

)

=
R′ (Z)

λ · C (Q)
·
dZ

dτ
+

R′ (z)

Λ · C (q)
·
dz

dτ
.

So we get the expressions via EΛ , Eλ , Ew , for the derivatives w.r.t. τ of X,Y, Z, x, y, z:

dX

dτ
=

1

τ
·
EΛ + Ew

R′′ (X)

R′ (X)

,
dY

dτ
=

1

τ
·
EΛ + Ew + 1

R′′ (Y )

R′ (Y )

,
dZ

dτ
=

1

τ
·
Eλ + Ew + 1

R′′ (Z)

R′ (Z)

,

dx

dτ
=

1

τ
·

Eλ

R′′ (x)

R′ (x)

,
dy

dτ
=

1

τ
·
Eλ + 1

R′′ (y)

R′ (y)

,
dz

dτ
=

1

τ
·
EΛ + 1

R′′ (z)

R′ (z)

,

and three linear equations in EΛ , Eλ , Ew:

L·

(

R (X)

Λ
+K ·

R (Y )

Λ

)

·(EΛ + Ew)+(k + 1)·l·
R (Z)

λ
·(Eλ + Ew)+

R′ (Z)

λ
·(K · L · Y + (k + 1) · l · Z) = 0,

(K + 1) · L ·
R (z)

Λ
· EΛ + l ·

(

R (x)

λ
+ k ·

R (y)

λ

)

· Eλ +
R′ (z)

Λ
· (k · l · y + (K + 1) · L · z) = 0,

R (Z)

λ · C (Q)
·

(

C′

C (Q)
·
dQ

dτ
+

1

τ
· Eλ

)

−
R (z)

Λ · C (q)
·

(

C′

C (q)
·
dq

dτ
+

1

τ
· EΛ

)

=
R′ (Z)

λ · C (Q)
·
dZ

dτ
+

R′ (z)

Λ · C (q)
·
dz

dτ
.

Further,
EPX = E(u′(X)

Λ

) = Eu′(X) − EΛ = Eu′ (X) · EX − EΛ = −ru (X) · EX − EΛ

Considering the case X 6= 0 it is possible to write

EX =
τ

X
·
dX

dτ
=

τ

X
·
1

τ
·
EΛ + Ew

R′′ (X)

R′ (X)

= −
EΛ + Ew

rR (X)

so that

EPX =
ru (X)

rR (X)
· (EΛ + Ew)− EΛ =

r′u (X) ·X

rR (X) ·ER (X)
· EΛ +

ru (X)

rR (X)
· Ew .

We have also

EPY = E(u′(Y )
Λ

) = Eu′(Y )−EΛ = Eu′ (Y ) ·EY −EΛ = −ru (Y ) ·EY −EΛ =
ru (Y )

rR (Y )
· (EΛ + Ew)+1−EΛ ,

EPZ = E(u′(Z)
λ

) = Eu′(Z) −Eλ = Eu′ (Z) · EZ −Eλ = −ru (Z) · EZ −Eλ =
ru (Z)

rR (Z)
· (Eλ + Ew + 1)−Eλ ,

Epx = E(u′(x)
λ

) = Eu′(x)−Eλ = Eu′ (x)·Ex−Eλ = −ru (x)·Ex−Eλ =
ru (x)

rR (x)
·Eλ−Eλ = −

r′u (x) · x

rR (x) ·ER (x)
·Eλ ,
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Epy = E(u′(y)
λ

) = Eu′(y) − Eλ = Eu′ (y) · Ey − Eλ = −ru (y) · Ey − Eλ =
ru (y)

rR (y)
· (Eλ + 1)− Eλ ,

Epz = E(u′(z)
Λ

) = Eu′(z) − EΛ = Eu′ (z) · Ez − EΛ = −ru (z) · Ez − EΛ =
ru (z)

rR (z)
· (EΛ + 1)− EΛ .

5.2 Proof of Lemma 2

From Lemma 1 we have

dX

dτ
= −

X

rR
· (EΛ + Ew) ,

dY

dτ
= −

X

rR
· (EΛ + Ew + 1) ,

dZ

dτ
= −

X

rR
· (Eλ + Ew + 1) ,

dx

dτ
= −

X

rR
· Eλ ,

dy

dτ
= −

X

rR
· (Eλ + 1) ,

dz

dτ
= −

X

rR
· (EΛ + 1) .

Moreover,
dQ

dτ
= L ·

dX

dτ
+K · L ·

dY

dτ
+ (k + 1) · l ·

dZ

dτ
+Q− L ·X =

= −
X

rR
· (L · (EΛ + Ew) +K · L · (EΛ + Ew + 1) + (k + 1) · l · (Eλ + Ew + 1)) +Q− L ·X =

= −
X

rR
·(L · (EΛ + Ew) +K · L · (EΛ + Ew) +K · L+ (k + 1) · l · (Eλ + Ew) + (k + 1) · l)+Q−L·X =

= −
X

rR
· ((K + 1) · L · (EΛ + Ew) + (k + 1) · l · (Eλ + Ew) +K · L+ (k + 1) · l) +Q− L ·X =

= −
X

rR
· (− (K · L+ (k + 1) · l) · ER +K · L+ (k + 1) · l) +Q− L ·X =

= −
X

rR
· (K · L+ (k + 1) · l) · (1− ER) +Q − L ·X =

= (Γ− L) ·
rR + ER − 1

rR
·X = (Γ− L) ·

r′u ·X2

rR · ER
,

dq

dτ
= l ·

dx

dτ
+ k · l ·

dy

dτ
+ (K + 1) · L ·

dz

dτ
+Q− l ·X =

= −
X

rR
· (l · Eλ + k · l · (Eλ + 1) + (K + 1) · L · (EΛ + 1)) +Q− l ·X =

= −
X

rR
· ((k + 1) · l · Eλ + (K + 1) · L · EΛ + (K + 1) · L+ k · l) +Q− l ·X =

= −
X

rR
· (− (k · l + (K + 1) · L) · ER + (K + 1) · L+ k · l) +Q− l ·X =

= −
X

rR
· ((k · l + (K + 1) · L) · (1− ER)) +Q− l ·X =

= −
X

rR
· (Γ− l) · (1− ER) + (Γ− l) ·X = (Γ− l) ·

ER + rR − 1

rR
·X = (Γ− l) ·

r′u ·X2

rR · ER
.
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For what concerns the last three equations for Comparative Statics, they can be written as

L · (1 +K) · (EΛ + Ew) + (k + 1) · l · (Eλ + Ew) + (K · L+ (k + 1) · l) · ER = 0,

L · (1 +K) · EΛ + (k + 1) · l · Eλ + (k · l + (K + 1) · L) · ER = 0,
(

C′

C
·
dQ

dτ
+ Eλ

)

−

(

C′

C
·
dq

dτ
+ EΛ

)

−
R′

R
·
dZ

dτ
+

R′

R
·
dz

dτ
= 0.

i.e.,

Ew =
L− l

Γ
·ER (> 0),

(K + 1) · L · EΛ + l · (1 + k) · Eλ = .

− (Γ− l) ·ER

(

C′

C
· (Γ− L) ·

r′u ·X2

rR ·ER
+ Eλ

)

−

(

C′

C
· (Γ− l) ·

r′u ·X2

rR ·ER
+ EΛ

)

+
ER

rR
· (Eλ + Ew + 1) =

=
ER

rR
· (EΛ + 1) .

i.e.,

Ew =
L− l

Γ
·ER (> 0) ,

EΛ = −

(

l · (k + 1) ·
L− l

Γ
·

rR − 1

ER + rR
+ Γ− l

)

·
ER

Γ
,

Eλ = −

(

−L · (K + 1) ·
L− l

Γ
·

rR − 1

ER + rR
+ Γ− l

)

·
ER

Γ
.

Further,

EΛ = −

(

l · (k + 1) ·
L− l

Γ
·
rR + ER − 1− ER

ER + rR
+ Γ− l

)

·
ER

Γ
=

= −

(

l · (k + 1) ·
L− l

Γ
·
rR + ER − 1

ER + rR
− l · (k + 1) ·

L− l

Γ
·

ER

ER + rR
+ Γ− l

)

·
ER

Γ
=

= −l ·(k + 1)·
L− l

Γ
·

r′u ·X

(ER + rR) · ER
·
ER

Γ
−
−l · (k + 1) · (L− l) ·ER + Γ · (Γ− l) · (ER + rR)

Γ · (ER + rR)
·
ER

Γ
=

(recalling that Γ = L · (K + 1) + l · (k + 1))

= −l·(k + 1)·
L− l

Γ
·

r′u ·X

Γ · (ER + rR)
−
(L · (K + 1) · (Γ− l) + l · (k + 1) · (Γ− L)) · ER + Γ · (Γ− l) · rR

Γ · (ER + rR)
·
ER

Γ
,

EΛ + Ew = −

(

l · (k + 1) ·
L− l

Γ
·

rR − 1

ER + rR
+ Γ− L

)

·
ER

Γ
=

= −

(

l · (k + 1) ·
L− l

Γ
·
rR + ER − 1− ER

ER + rR
+ Γ− L

)

·
ER

Γ
=

= −

(

l · (k + 1) ·
L− l

Γ
·
rR + ER − 1

ER + rR
− l · (k + 1) ·

L− l

Γ
·

ER

ER + rR
+ Γ− L

)

·
ER

Γ
=

= −

(

l · (k + 1) ·
L− l

Γ
·

r′u ·X

(ER + rR) · ER
+

−l · (k + 1) · (L− l) ·ER + Γ · (Γ− L) · (ER + rR)

Γ · (ER + rR)

)

·
ER

Γ
=
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= −l·(k + 1)·
L− l

Γ
·

r′u ·X

(ER + rR) ·ER
·
ER

Γ
−
(−l · (k + 1) · (L− l) + Γ · (Γ− L)) · ER + Γ · (Γ− L) · rR

Γ · (ER + rR)
·
ER

Γ
=

= −l·(k + 1)·
L− l

Γ
·

r′u ·X

(ER + rR) ·ER
·
ER

Γ
−
(l · (k + 1) · (−L+ l + Γ) + Γ · L ·K) ·ER + Γ · (Γ− L) · rR

Γ · (ER + rR)
·
ER

Γ
=

= −l·(k + 1)·
L− l

Γ
·

r′u ·X

(ER + rR) ·ER
·
ER

Γ
−
(l · (k + 1) · (L ·K + l · (k + 2)) + Γ · L ·K) ·ER + Γ · (Γ− L) · rR

Γ · (ER + rR)
·
ER

Γ
.

Hence if r′u ≥ 0 then EΛ < EΛ + Ew < 0.
Moreover:

Eλ = −

(

−L · (K + 1) ·
L− l

Γ
·
rR + ER − ER − 1

ER + rR
+ Γ− l

)

·
ER

Γ
=

= −

(

−L · (K + 1) ·
L− l

Γ
+ L · (K + 1) ·

L− l

Γ
·
ER + 1

ER + rR
+ Γ− l

)

·
ER

Γ
=

= −

(

Γ · (Γ− l)− L · (K + 1) · (L− l)

Γ
+ L · (K + 1) ·

L− l

Γ
·
ER + 1

ER + rR

)

·
ER

Γ
=

= −

(

L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)

Γ
+ L · (K + 1) ·

L− l

Γ
·
ER + 1

ER + rR

)

·
ER

Γ

so that Eλ < 0. Further,

EN = −EC(Q) = −EC ·EQ = −EC ·Q·(Γ− L)·
r′u ·X2

rR ·ER
= −Q·(Γ− L)·

r′u ·X2

rR
= −Γ·(Γ− L)·

r′u ·X3

rR
,

dN

dτ
= −N · Γ · (Γ− L) ·

r′u ·X3

rR
= −L · Γ · (Γ− L) ·

r′u ·X3

C · rR
,

En = −EC(q) = −EC ·Eq = −EC ·Q · (Γ− l) ·
r′u ·X2

rR · ER
= −Q · (Γ− l) ·

r′u ·X2

rR
= −Γ · (Γ− l) ·

r′u ·X3

rR
,

dn

dτ
= −n · Γ · (Γ− l) ·

r′u ·X3

rR
= −l · Γ · (Γ− l) ·

r′u ·X3

C · rR
.

5.3 Proof of Lemma 3

We have

WB

L
= L ·

u (X) +K · u (Y )

C (Q)
+ l · (k + 1) ·

u (z)

C (q)
.

Hence

1

L
·
∂WB

∂τ
= L ·







u′ (X) ·
dX

dτ
+K · u′ (Y ) ·

dY

dτ
C (Q)

−
u (X) +K · u (Y )

(C (Q))
2 · C′ (Q) ·

dQ

dτ






+
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+l · (k + 1) ·







u′ (z) ·
dz

dτ
C (q)

−
u (z)

(C (q))
2 · C′ (q) ·

dq

dτ






=

= L ·

(

u′

C
·

(

dX

dτ
+K ·

dY

dτ

)

− (1 +K) ·
u · C′

C2
·
dQ

dτ

)

+ l · (k + 1) ·

(

u′

C
·
dz

dτ
−

u · C′

C2
·
dq

dτ

)

=

=
u′

C
·

(

L ·
dX

dτ
+K · L ·

dY

dτ
+ l · (k + 1) ·

dz

dτ

)

−
u · C′

C2
·

(

L · (K + 1) ·
dQ

dτ
+ l · (k + 1) ·

dq

dτ

)

Since
dX

dτ
= −

X

rR
· (EΛ + Ew) ,

dY

dτ
= −

X

rR
· (EΛ + Ew + 1) ,

dz

dτ
= −

X

rR
· (EΛ + 1) ,

dQ

dτ
= (Γ− L) ·

r′u ·X2

rR ·ER
,

dq

dτ
= (Γ− l) ·

r′u ·X2

rR · ER

from the last expression we can write

1

L
·
∂WB

∂τ
= −

X

rR
·
u′

C
· (L · (EΛ + Ew) +K · L · (EΛ + Ew + 1) + l · (k + 1) · (EΛ + 1))−

−
u · C′

C2
·
r′u ·X2

rR ·ER
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

= −
X

rR
·
u′

C
· (Γ · EΛ + L · (K + 1) · Ew + Γ− L)−

−
u · C′ ·Q

Γ · C2
·
r′u ·X

rR ·ER
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) .

Moreover, since

EΛ = −

(

l · (k + 1) ·
L− l

Γ
·

rR − 1

ER + rR
+ Γ− l

)

·
ER

Γ
, Ew = (L− l) ·

ER

Γ

we can also write

1

L
·
∂WB

∂τ
= −

X

rR
·
u′

C
· (Γ · (−

l · (k + 1)

Γ
·
L− l

Γ
·

rR − 1

ER + rR
·ER −

Γ− l

Γ
·ER)+

+L · (K + 1) ·
L− l

Γ
·ER +Γ−L)−

u · EC

Γ · C
·
r′u ·X

rR ·ER
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

(since EC = ER)

= −
X

rR
·
u′

C
·

(

−l · (k + 1) ·
L− l

Γ
·

rR − 1

ER + rR
·ER +

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

·ER + Γ− L

)

−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

= −
X

rR
·
u′

C
·

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

·ER−
X

rR
·
u′

C
·

(

−l · (k + 1) ·
L− l

Γ
·

rR − 1

ER + rR
·ER + Γ− L

)

−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =
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= −
X

rR
·
u′

C
·

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

· ER · (ER + rR − 1 + 1)

ER + rR
−

−
X

rR
·
u′

C
·
−l · (k + 1) ·

L− l

Γ
· (rR − 1) ·ER + (Γ− L) · (ER + rR)

ER + rR
−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

= −
X

rR
·
u′

C
·

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

·ER · (ER + rR − 1)

ER + rR
−

−
X

rR
·
u′

C
·

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

· ER

ER + rR
−

−
X

rR
·
u′

C
·
l · (k + 1) ·

L− l

Γ
·ER − l · (k + 1) ·

L− l

Γ
·ER · rR + (Γ− L) · (ER + rR)

ER + rR
−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

= −
X

rR
·
u′

C
·

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

· r′u ·X

ER + rR
−

−
X

rR
·
u′

C
·

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

· ER

ER + rR
−

X

rR
·
u′

C
·

(

l · (k + 1) ·
L− l

Γ
+ Γ− L

)

· ER

ER + rR
−

−
X

rR
·
u′

C
·

(

Γ− L− l · (k + 1) ·
L− l

Γ
·ER

)

· rR

ER + rR
−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

(

since

(

L · (K + 1) ·
L− l

Γ
− (Γ− l)

)

·ER +

(

l · (k + 1) ·
L− l

Γ
+ Γ− L

)

· ER = 0 and ER = 1− ru

)

= −
X

rR
·

u′

Γ · C
·
(L · (K + 1) · (L− l)− Γ · (Γ− l)) · r′u ·X

ER + rR
−

−
X

rR
·
u′

C
·

(

Γ− L− l · (k + 1) ·
L− l

Γ
+ l · (k + 1) ·

L− l

Γ
·ru

)

ER + rR
· rR−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

(since Γ · (Γ− L)− l · (k + 1) · (L− l) = Γ · L ·K + l · (k + 1) · (Γ− L+ l))

=
X

rR
·
u′ · r′u ·X

Γ · C
·
(L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l))

ER + rR
−
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−
X

rR
·

u′

Γ · C
·
(Γ · L ·K + l · (k + 1) · (Γ− L+ l) + l · (k + 1) · (L− l) ·ru)

ER + rR
· rR−

−
u

Γ · C
·
r′u ·X

rR
· (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) =

= −
X

rR
·

u′

Γ · C
·
Γ · L ·K + l · (k + 1) · (Γ− L+ l) + l · (k + 1) · (L− l) ·ru

ER + rR
· rR+

+
(L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l))

ER + rR
·
r′u ·X · u

rR · Γ · C
· (Eu − (ER + rR)) =

= −
X

rR
·

u′

Γ · C
·
Γ · L ·K + l · (k + 1) · (Γ− L+ l) + l · (k + 1) · (L− l) ·ru

ER + rR
· rR+

+
(L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l))

ER + rR
·
r′u ·X · u

rR · Γ · C
· (Eu − 1− (ER + rR − 1)) =

= −
u · Eu

rR · Γ · C
·
Γ · L ·K + l · (k + 1) · (Γ− L+ l) + l · (k + 1) · (L− l) ·ru

ER + rR
· rR−

−
(L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l))

ER + rR
·
r′u ·X · u

rR · Γ · C
·

(

1− Eu +
r′u ·X

ER

)

=

= −
u

Γ · C · rR
·
(

AB +BB · r′u ·X
)

,

where

AB = (Γ · L ·K + l · (k + 1) · (Γ− L+ l + (L− l) ·ru)) ·
rR · Eu

ER + rR
(> 0),

BB = (L · (K + 1) · (Γ− L) + l · (k + 1) · (Γ− l)) ·
((1− Eu) · ER + r′u ·X)

(ER + rR) ·ER
.

Hence if r′u ≥ 0 then
dWB

dτ
> 0, since Eu < 1.

Further,

W s

l
= n · (u (x) + k · l · u (y)) +N · (K + 1)u (Z) = l ·

u (x) + k · u (y)

C (q)
+ L · (K + 1) ·

u (Z)

C (Q)
.

Hence

1

l
·
dW s

dτ
= l ·







u′ (x) ·
dx

dτ
+ k · u′ (y) ·

dy

dτ
C (q)

−
u (x) + k · u (y)

(C (q))
2 · C′ (q) ·

dq

dτ






+

+L · (K + 1) ·







u′ (Z) ·
dZ

dτ
C (Q)

−
u (Z)

(C (Q))
2 · C′ (Q) ·

dQ

dτ






=

= l ·
u′ (x) ·

dx

dτ
+ k · u′ (y) ·

dy

dτ
C (q)

+ L · (K + 1) ·
u′ (Z) ·

dZ

dτ
C (Q)

−

−

(

l ·
u (x) + k · u (y)

(C (q))
2 · C′ (q) ·

dq

dτ
+ L · (K + 1) ·

u (Z)

(C (Q))
2 · C′ (Q) ·

dQ

dτ

)

=
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=
u′

C
·

(

l ·

(

dx

dτ
+ k ·

dy

dτ

)

+ L · (K + 1) ·
dZ

dτ

)

−
u · C′

C2
·

(

l · (k + 1) ·
dq

dτ
+ L · (K + 1) ·

dQ

dτ

)

.

The last expression, since

dx

dτ
= −

X

rR
· Eλ,

dy

dτ
= −

X

rR
· (Eλ + 1) ,

dZ

dτ
= −

X

rR
· (Eλ + Ew + 1) ,

and
dQ

dτ
= (Γ− L) ·

r′u ·X2

rR ·ER
,
dq

dτ
= (Γ− l) ·

r′u ·X2

rR · ER

can be rewritten as

−
X

rR
·
u′

C
· (l · (Eλ + k · (Eλ + 1)) + L · (K + 1) · (Eλ + Ew + 1))−

−
u · C′

C2
·
r′u ·X2

rR ·ER
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

= −
X

rR
·
u′

C
· (Γ · Eλ + L · (K + 1) · Ew + Γ− l)−

−
u · C′ ·X

C2
·
r′u ·X

rR · ER
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

(

since Eλ =
L · (K + 1)

Γ
·

rR − 1

ER + rR
· Ew −

Γ− l

Γ
· ER

)

= −
X

rR
·
u′

C
·

(

L · (K + 1) ·
rR − 1

ER + rR
· Ew − (Γ− l) ·ER + L · (K + 1) · Ew + Γ− l

)

−

−
u · C′ ·Q

Γ · C2
·
r′u ·X

rR · ER
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

= −
X

rR
·
u′

C
·

(

L · (K + 1) ·

(

rR − 1

ER + rR
+ 1

)

· Ew + (Γ− l) · (1− ER)

)

−

−
u ·EC

Γ · C
·
r′u ·X

rR ·ER
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

(since EC = ER)

= −
X

rR
·
u′

C
·

(

L · (K + 1) ·

(

rR

ER + rR
+

ER + rR − 1

ER + rR

)

· Ew + (Γ− l) · (1− ER)

)

−

−
u · r′u ·X

Γ · C · rR
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

(

since X · u′ = R = u ·Eu, Ew = (L− l) ·
ER

Γ
, ER + rR − 1 =

r′u ·X

ER

)

= −
u ·Eu

C · rR
·

(

L · (K + 1) ·

(

rR

ER + rR
+

r′u ·X

(ER + rR) ·ER

)

· (L− l) ·
ER

Γ
+ (Γ− l) · ru

)

−

−
u · r′u ·X

Γ · C · rR
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

= −
u · Eu

C · rR
·

(

L · (K + 1) ·
L− l

Γ
·
rR ·ER

ER + rR
+ (Γ− l) · ru

)

−
u ·Eu

C · rR
·
L · (K + 1) · (L− l)

Γ · (ER + rR)
· r′u ·X−
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−
u · r′u ·X

Γ · C · rR
· (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) =

= −
u · Eu

Γ · C · rR
·

(

L · (K + 1) · (L− l) ·
rR · ER

ER + rR
+ Γ · (Γ− l) · ru

)

−

−

(

L · (K + 1) · (L− l) ·
Eu

ER + rR
+ l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)

)

·
u · r′u ·X

Γ · C · rR
=

= −
u

Γ · C · rR
· (As +Bs · r′u ·X) ,

where

As = Eu ·

(

L · (K + 1) · (L− l) ·
rR · ER

ER + rR
+ Γ · (Γ− l) · ru

)

(> 0),

Bs = L · (K + 1) · (L− l) ·
Eu

ER + rR
+ (l · (k + 1) · (Γ− l) + L · (K + 1) · (Γ− L)) (> 0) .

Hence, if r′u ≥ 0 then
dW s

dτ
< 0.

5.4 Proof of Lemma 4

Note that since
Q (τ3) = L ·X (τ3) , q (τ3) = l · x (τ3) ,

we obtain from FOC and the Free Entry condition,

ER (X (τ3)) = EC (Q (τ3)) , ER (x (τ3)) = EC (q (τ3)) .

5.4.1 Case I): total autarky with y (τ3) = 0

In this case, near τ = τ3 we have
Q = L ·X,

q = l · x+ k · τ · l · y,

Π = L ·
R (X)

Λ
− w · C (Q) ,

π = l ·
R (x)

λ
+ k · l ·

R (y)

λ
− C (q) ,

where the wage w is constant, since big countries do not trade with other countries and are isolated.
The equilibrium equations w.r.t. (X, x, y,Λ, λ) are

∂Π

∂X
= 0,

∂π

∂x
= 0,

∂π

∂y
= 0, Π = 0, π = 0,

i.e.,
R′ (X)

Λ
= w · C′,

R′ (x)

λ
= C′,

R′ (y)

λ
= τ · C′,

L ·
R (X)

Λ
= w · C (Q) , l ·

R (x)

λ
+ k · l ·

R (y)

λ
= C (q) .
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From Lemma 1, setting Ew = 0, we have

dX

dτ
=

1

τ
·

EΛ

R′′ (X)

R′ (X)

,
dx

dτ
=

1

τ
·

Eλ

R′′ (x)

R′ (x)

,
dy

dτ
=

1

τ
·
Eλ + 1

R′′ (y)

R′ (y)

,

dQ

dτ
= L ·

dX

dτ
,

dq

dτ
= l ·

dx

dτ
+ k · l ·

(

y + τ ·
dy

dτ

)

,

L ·
R (X)

Λ
· EΛ = 0, l ·

(

R (x)

λ
+ k ·

R (y)

λ

)

· Eλ = 0,

Hence

EΛ = 0, Eλ = 0,
dX

dτ
= 0,

dx

dτ
= 0,

dy

dτ
=

1

τ
·

1

R′′ (y)

R′ (y)

(< 0),

dQ

dτ
= 0,

dq

dτ
= k · l · τ ·

dy

dτ
(< 0),

For what concerns prices, from Lemma 1 we get

EPX =
ru (X)

rR (X)
· (EΛ + Ew)− EΛ = 0, Epx =

ru (x)

rR (x)
· Eλ − Eλ = 0,

Epy =
ru (y)

rR (y)
·
(

Eλ/τ + 1
)

− Eλ/τ =
ru (y)

rR (y)
=

−
u′′ (y)

u′ (y)
· y

−
R′′ (y)

R′ (y)
· y

=

u′′ (y)

u′ (y)

u′′ (y) · (2− ru′ (y))

u′ (y) · (1− ru (y))

=

=
1− ru (y)

2− ru′ (y)
=

1− ru (0)

2− ru′ (0)
=

1

2
.

Concerning the mass of firms, from labor balance we get

EN = E L
C(Q

= EL − EC(Q)/τ = −EC(Q) = −EC (Q) · EQ = 0,

En = E l
C(q)

= −EC(q) = −EC (q)·Eq = −EC (q)·
dq

dτ
·
τ

q
= −EC (q)·k·l·τ ·

dy

dτ
·
τ

q
= −k·l·

c · τ2

C (q)
·
dy

dτ
(> 0).

Welfare functions are

WB = L2 ·
u (X)

C (L ·X)
, W s = l2 ·

u (x) + k · u (y)

C (l · x+ l · k · y)
.

So we can compute

dWB

dτ
= L2 ·

u′ (X) ·
dX

dτ
· C (Q)− u (X) · C′ ·

dQ

dτ

(C (Q))
2 = 0,

and

1

k · l2
·
dW s

dτ
=

1

k
·

(

u′ (x) ·
dx

dτ
+ k · u′ (y) ·

dy

dτ

)

· C (q)− (u (x) + k · u (y)) · C′ ·
dq

dτ

(C (q))
2 =

30



=
1

k
·

(

u′ (x) ·
dx

dτ
+ k · u′ (y) ·

dy

dτ

)

· C (q)− (u (x) + k · u (y)) · C′ · l ·

(

dx

dτ
+ k ·

(

τ ·
dy

dτ
+ y

))

(C (q))2
=

=
u′ (y) · C (q)− u (x) · C′ (q) · l · τ

(C (q))
2 ·

dy

dτ
=

R′ (y) · C (q)− u (x) · C′ (q) · l · τ

(C (q))
2 ·

dy

dτ
=

=
τ · R′ (x) · C (q)− u (x) · C′ (q) · l · τ

(C (q))2
·
dy

dτ
=

τ · u′ (x) · ER (x) · C (q)− u (x) · C′ (q) · l · τ

(C (q))2
·
dy

dτ
=

= τ ·
u (x)

x
·

u′ (x) · x

u (x)
· ER (x)−

C′ (q) · l · x

C (q)

C (q)
·
dy

dτ
= τ ·

u (x)

x
·

u′ (x) · x

u (x)
· ER (x)−

C′ (q) · q

C (q)

C (q)
·
dy

dτ
=

= τ ·
u (x)

x
·
Eu (x) ·ER (x)− EC (q)

C (q)
·
dy

dτ
= τ ·

u (x)

x
·
Eu (x) · ER (x)− ER (x)

C (q)
·
dy

dτ
=

= τ ·
u (x)

x
·ER (x) ·

Eu (x)− 1

C (q)
·
dy

dτ
(> 0).

5.4.2 Case II): total autarky with Z (τ3) = z (τ3) = 0

In this case, near τ = τ3 we have

Q = L ·X + (k + 1) · τ · l · Z,

q = l · x+ (K + 1) · τ · L · z,

Π = L ·
R (X)

Λ
+ (k + 1) · l ·

R (Z)

λ
− w · C (Q) ,

π = l ·
R (x)

λ
+ (K + 1) · L ·

R (z)

Λ
− C (q) ,

WB = L ·

(

L ·
u (X)

C (Q)
+ l · (k + 1) ·

u (z)

C (q)

)

,

W s = l ·

(

l ·
u (x)

C (q)
+ L · (K + 1) ·

u (Z)

C (Q)

)

.

The equilibrium equations w.r.t. (X,Z, x, z,Λ, λ, w) are

∂Π

∂X
= 0,

∂Π

∂Z
= 0,

∂π

∂x
= 0,

∂π

∂z
= 0,

Π = 0, π = 0, TB = 0,

i.e.,
R′ (X)

Λ
= w · C′,

R′ (Z)

λ
= τ · w · C′,

R′ (x)

λ
= C′,

R′ (z)

Λ
= τ · C′,

L ·
R (X)

Λ
+ (k + 1) · l ·

R (Z)

λ
= w · C (Q) , l ·

R (x)

λ
+ (K + 1) · L ·

R (z)

Λ
= C (q) ,

R (Z)

λ · C (Q)
−

R (z)

Λ · C (q)
= 0 .
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Using Lemma 1, FOC and linearity of the cost function we obtain:

EΛ = −Ew , Eλ = 0, Ew =

R′′ (Z)

λ · C (q)
− w2·

R′′ (z)

Λ · C (Q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

,

dX

dτ
=

dx

dτ
= 0,

dZ

dτ
=

R′ (Z)

R′′ (Z)
·
1

τ
· (1 + Ew) =

2

τ
·

R′ (Z)

λ · C (q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

(< 0),

dz

dτ
=

R′ (z)

R′′ (z)
·
1

τ
· (1− Ew) =

2

τ
· w2·

R′ (z)

Λ · C (Q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

=

=

2

τ
·
R′ (Z)

λ · C (q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

· w2·
R′ (z)

R′ (Z)
·
λ · C (q)

Λ · C (Q)
=

=

2

τ
·

R′ (Z)

λ · C (q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

· w2 ·
1

w
·
Λ

λ
·
λ · C (q)

Λ · C (Q)
=

= w ·
C (q)

C (Q)
·
dZ

dτ
(< 0),

dQ

dτ
= l · (k + 1) · τ ·

dZ

dτ
= 2 · l · (k + 1) ·

R′ (Z)

λ · C (q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

(< 0),

dq

dτ
= L · (K + 1) · τ ·

dz

dτ
= 2 · L · (K + 1) ·

w2·
R′ (z)

Λ · C (Q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

(< 0).

Concerning the prices, from Lemma 1 we get

EPX =
ru (X)

rR (X)
· (EΛ + Ew)− EΛ = Ew =

R′′ (Z)

λ · C (q)
− w2·

R′′ (z)

Λ · C (Q)

R′′ (Z)

λ · C (q)
+w2·

R′′ (z)

Λ · C (Q)

∈ (−1, 1) ,

EPZ =
ru (Z)

rR (Z)
· (Eλ + Ew + 1)− Eλ =

ru (Z)

rR (Z)
· (Ew + 1) =

1

2
· (Ew + 1) =
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=
1

1+w2·
λ · C (q) ·R′′ (z)

Λ · C (Q) ·R′′ (Z)

∈ (0, 1) ,

Epx =
ru (x)

rR (x)
· Eλ − Eλ = 0.

From labor balance we get the elasticities concerning the mass of firms:

EN = −EC(Q) = −EC (Q)·EQ = −EC (Q)·
dQ

dτ
·
τ

Q
= −EC (Q)·l·(k + 1)·τ ·

dZ

dτ
·
τ

Q
= −l·(k + 1)·

c · τ2

C (Q)
·
dZ

dτ
(> 0),

En == −EC(q) = −EC (q)·Eq = −EC (q)·
dq

dτ
·
τ

q
= −EC (q)·L·(K + 1)·τ ·

dz

dτ
·
τ

q
= −L·(K + 1)·

c · τ2

C (q)
·
dz

dτ
(> 0).

Further,

1

L
·
dWB

dτ
= L·

(

u′ (X)

C (Q)
·
dX

dτ
−

u (X)

(C (Q))
2 · C′ (Q) ·

dQ

dτ

)

+l·(k + 1)·

(

u′ (z)

C (q)
·
dz

dτ
−

u (z)

(C (q))
2 · C′ (q) ·

dq

dτ

)

=

= −L ·
u (X)

(C (Q))
2 · C′ (Q) ·

dQ

dτ
+ l · (k + 1) ·

u′ (z)

C (q)
·
dz

dτ
=

= −L ·
u (X)

(C (Q))
2 · C′ (Q) · l · (k + 1) · τ ·

dZ

dτ
+ l · (k + 1) ·

u′ (z)

C (q)
·
dz

dτ
=

= l · (k + 1) ·

(

−L ·
u (X)

(C (Q))
2 · C′ (Q) · τ ·

dZ

dτ
+

u′ (z)

C (q)
·
dz

dτ

)

=

= l · (k + 1) ·

(

−L ·
u (X)

(C (Q))2
· C′ (Q) · τ ·

dZ

dτ
+

u′ (z)

C (q)
· w ·

C (q)

C (Q)
·
dZ

dτ

)

=

= l · (k + 1) ·
w

C (Q)
·

(

−L ·
u (X) · C′ (Q)

C (Q)
·
τ

w
+ u′ (z)

)

·
dZ

dτ
=

(using the fact that R (X) ≡ u(X) · Eu (X))

= l · (k + 1) ·
w

C (Q)
·

(

−L ·
C′ (Q) · R (X)

C (Q) · Eu (X)
·
τ

w
+ u′ (z)

)

·
dZ

dτ
=

(due to the zero-profit condition at autarky: L ·R (X) = Λ · w · C (Q))

= l · (k + 1) ·
w

C (Q)
·

(

−
C′ (Q)

Eu (X)
· τ · Λ + u′ (z)

)

·
dZ

dτ
=

(because in autarky R′ (z) = u′ (z) · (1 − ru(z)) = u′ (z) · (1− ru(0)) = u′ (z))

= l · (k + 1) ·
w

C (Q)
·

(

−
C′ (Q)

Eu (X)
· τ · Λ +R′ (z)

)

·
dZ

dτ
=

(due to the linearity of costs: C′ (Q) = C′ (q))

= l · (k + 1) ·
w

C (Q)
·

(

−
C′ (q)

Eu (X)
· τ · Λ +R′ (z)

)

·
dZ

dτ
=
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(due to producer’s FOC at autarky C′ (q) · τ · Λ = R′ (z))

= l · (k + 1) ·
w

C (Q)
·

(

−
R′ (z)

Eu (X)
+R′ (z)

)

·
dZ

dτ
=

= l · (k + 1) ·
R′ (z) · w

C (Q)
·
Eu (X)− 1

Eu (X)
·
dZ

dτ

the latter expression being strictly positive since Eu (X) < 1.
In a similar way,

1

l
·
dW s

dτ
= l ·

(

u′ (x)

C (q)
·
dx

dτ
−

u (x)

(C (q))
2 · C′ (q) ·

dq

dτ

)

+

+L · (K + 1) ·

(

u′ (Z)

C (Q)
·
dZ

dτ
−

u (Z)

(C (Q))
2 · C′ (Q) ·

dQ

dτ

)

=

= −l ·
u (x)

(C (q))2
· C′ (q) ·

dq

dτ
+ L · (K + 1) ·

u′ (Z)

C (Q)
·
dZ

dτ
=

= −l ·
u (x)

(C (q))
2 · C′ (q) · L · (K + 1) · τ ·

dz

dτ
+ L · (K + 1) ·

u′ (Z)

C (Q)
·
dZ

dτ
=

= L · (K + 1) ·

(

−l ·
u (x)

(C (q))
2 · C′ (q) · τ ·

dz

dτ
+

u′ (Z)

C (Q)
·
dZ

dτ

)

=

= L · (K + 1) ·

(

−l ·
u (x)

(C (q))2
· C′ (q) · τ ·

dz

dτ
+

u′ (Z)

C (Q)
·
1

w
·
C (Q)

C (q)
·
dz

dτ

)

=

= L · (K + 1) ·
1

C (q)
·

(

−l · u (x) ·
C′ (q)

C (q)
· τ +

u′ (Z)

w

)

·
dz

dτ
=

= L · (K + 1) ·
1

C (q)
·

(

−l ·
R (x)

Eu (x)
·
C′ (q)

C (q)
· τ +

R′ (Z)

w

)

·
dz

dτ
=

= L · (K + 1) ·
1

C (q)
·

(

−
C′ (q)

Eu (x)
· τ · λ+

R′ (Z)

w

)

·
dz

dτ
=

= L · (K + 1) ·
1

C (q)
·

(

−
1

Eu (x)
·
R′ (Z)

w
+

R′ (Z)

w

)

·
dz

dτ
=

= L · (K + 1) ·
1

C (q)
·
R′ (Z)

w
·
Eu (x)− 1

Eu (x)
·
dz

dτ
(> 0).

5.4.3 Case III): total autarky with Y (τ3) = 0

Similarly to Case I), in this case, in τ = τ3 we have

Q = L ·X +K · τ · L · Y, q = l · x,

Π = L ·
R (X)

Λ
+K · L ·

R (Y )

λ
− w · C (Q) , π = l ·

R (x)

λ
− C (q) ,

where the wage w is constant since big countries can only trade with each other.
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The equilibrium equations w.r.t. (X, x, y,Λ, λ) are

∂Π

∂X
= 0,

∂Π

∂Y
= 0,

∂π

∂x
= 0, Π = 0, π = 0,

i.e.,
R′ (X)

Λ
= w · C′,

R′ (Y )

Λ
= w · τ · C′,

R′ (x)

λ
= C′,

L ·
R (X)

Λ
+K · L ·

R (Y )

λ
= w · C (Q) , l ·

R (x)

λ
= C (q) .

Comparative Statics w.r.t. τ gives us, using Lemma 1 (setting, as in Case I), Ew = 0),

dX

dτ
=

1

τ
·

EΛ

R′′ (X)

R′ (X)

,
dY

dτ
=

1

τ
·
EΛ + 1

R′′ (Y )

R′ (Y )

,
dx

dτ
=

1

τ
·

Eλ

R′′ (x)

R′ (x)

,

dQ

dτ
= L ·

dX

dτ
+K · L ·

(

Y + τ ·
dY

dτ

)

,
dq

dτ
= l ·

dx

dτ
,

EΛ = 0, Eλ = 0,

i.e.,

EΛ = Eλ =
dX

dτ
=

dx

dτ
=

dq

dτ
= 0,

dY

dτ
=

1

τ
·
R′ (Y )

R′′ (Y )
(< 0),

dQ

dτ
= K · L · τ ·

dY

dτ
= K · L ·

R′ (Y )

R′′ (Y )
(< 0).

For what concerns prices, from Lemma 1 we get

EPX =
ru (X)

rR (X)
·(EΛ + Ew)−EΛ = 0, EPY =

ru (Y )

rR (Y )
·(EΛ + Ew)+1−EΛ = 1, Epx =

ru (x)

rR (x)
·Eλ−Eλ = 0.

Concerning the mass of firms, from labor balance we get

EN = −EC(Q) = −EC (Q) · EQ = −EC (Q) ·
dQ

dτ
·
τ

Q
=

= −EC (Q) ·K · L · τ ·
dY

dτ
·
τ

Q
= −K · L ·

c · τ2

C (Q)
·
dY

dτ
(> 0),

En = −EC(q) = −EC (q) · Eq = 0.

Welfare functions

WB = L2 ·
u (X) +K · u (Y )

C (Q)
, W s = l2 ·

u (x)

C (q)
.

allow to compute

1

L2 ·K
·
dWB

dτ
=

1

K
·

(

u′ (X) ·
dX

dτ
+K · u′ (Y ) ·

dY

dτ

)

· C (Q)− (u (X) +K · u (Y )) · C′ (Q) ·
dQ

dτ

(C (Q))
2 =

=
1

K
·

(

u′ (X) ·
dX

dτ
+K · u′ (Y ) ·

dY

dτ

)

C (Q)
−
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−
1

K
·

(u (X) +K · u (Y )) · C′ (Q) ·

(

dX

dτ
+K · L ·

(

τ ·
dY

dτ
+ Y

))

(C (Q))2
=

(

since
dX

dτ
= Y = 0

)

=
u′ (Y ) · C (Q)− u (X) · C′ (Q) · L · τ

(C (Q))2
·
dY

dτ
= u (X) ·

u′ (Y )

u (X)
− L ·

C′ (Q)

C (Q)
· τ

C (Q)
·
dY

dτ
=

= u (X) ·

R′ (Y )

u (X)
− L ·

C′ (Q)

C (Q)
· τ

C (Q)
·
dY

dτ
= u (X) · τ ·

R′ (X)

u (X)
− L ·

C′ (Q)

C (Q)

C (Q)
·
dY

dτ
=

= u (X)·τ ·

u′ (X)

u (X)
·ER (X)− L ·

C′ (Q)

C (Q)

C (Q)
·
dY

dτ
=

u (X)

X
·τ ·

u′ (X)

u (X)
·X · ER (X)− L ·X ·

C′ (Q)

C (Q)

C (Q)
·
dY

dτ
=

=
u (X)

X
· τ ·

Eu (X) · ER (X)−Q ·
C′ (Q)

C (Q)

C (Q)
·
dY

dτ
=

u (X)

X
· τ ·

Eu (X) · ER (X)− EC (Q)

C (Q)
·
dY

dτ
=

=
u (X)

X
· τ ·

Eu (X) ·ER (X)− ER

C (Q)
·
dY

dτ
=

u (X) ·ER (X)

X
· τ ·

Eu (X)− 1

C (Q)
·
dY

dτ
(> 0),

and

dW s

dτ
= l2 ·

u′ (x) ·
dx

dτ
· C (q)− u (X) · C′ ·

dq

dτ

(C (q))2
= 0.
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