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examples: railway networks 

Source: TRTA, March 2003 - Tokyo rail map 



Two persons belong to the same component if and only if there exists

a path between them.

The components can be ordered in terms of their size.

We say that the network has a giant component if the largest compo-

nent constitutes a relatively large part of the population of economists

and all other components are small (typically of order ln[n]).

Distance 2 is the number of nodes at distance 2 from i.



Introduction and overview Networks: concepts and notation Evolving social networks Matching and networks Conclusion

Evolving network structures
Aggregate statistics

Table: Network statistics for the co-author networks.

decade 1970s 1980s 1990s
total authors 33770 48608 81217
average degree .894 1.244 1.672

size of giant component 5253 13808 33027
—as percentage .156 .284 .407
second largest component 122 30 30

average distance in giant component 12.86 11.07 9.47



Introduction and overview Networks: concepts and notation Evolving social networks Matching and networks Conclusion

Introduction and overview
Hubs and spokes

Table: Most linked economists: 1970’s, 1980’s and 1990s.

Average Top 100 Papers % Co-authored Degree Dist. 2
1970’s 23.87 0.724 11.94 25.67
1980’s 28.42 0.827 16.36 49.80
1990’s 37.69 0.849 25.31 99.40



Local network of J. Stiglitz in 1990’s

Note: Some economists might appear twice or are missing due to the use of different initials or misspellings in EconLit.



Local network of J. Tirole in 1990’s

Note: Some economists might appear twice or are missing due to the use of different initials or misspellings in EconLit.
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Evolving social networks
Emerging small world

• Changes in the network:
1. Large growth in the number of authors: from 33770 in the

1970’s to 81217 in the 1990’s.
2. Massive growth in giant component: In the 1970’s the

largest component contained 5,253 nodes (15.6% of all
nodes), while in the 1990’s it contains 33,027 nodes (40%
of all nodes).

3. Sharp fall in second largest component: from 122 in 1970’s
to 30 in 1990’s.

4. Sharp decrease in average distance: from 12.86 in 1970’s
to 9.47 in 1990’s.

• Suggests an emerging small world. Why has the world
become smaller?
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Evolving network structures
Why has the world become smaller?

• A number of key elements of the network have changed:
the number of nodes has grown, the distribution is
different, and clustering has changed. We would like to
assign quantitative significance to the different changes. It
is difficult to identify the cause of the changes.

• We use a model due to Jackson-Rogers-Vasquez which
combines random and local linking and estimate its its
parameters in different periods, 970’s, 1980’s and 1990’s.
We then discuss the economics of the changes.

• This is on-going work.



Evolving social networks

Evolving social networks
The strength of weak ties?

• We may interpret strength of a co-author tie as a function
of the number of papers written together. We use our data
to define a weighted network and examine the structural
validity of the celebrated strength of weak ties hypothesis
due to Mark Granovetter.

• This part of talk is based on van der Leij and Goyal
(2006).

• In particular, we would like to know where the strong ties
are located – at the center of the network or at the
periphery – and how this affects their importance in
connecting up the network.
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Figure 1: Local network of collaboration of Joseph E. Stiglitz in the 1990s.

Note: The figure shows all authors within distance 2 of J.E. Stiglitz as well as the links between them. The width denotes
the strength of a tie. Some economists might appear twice or are missing due to the use of different initials or misspellings
in EconLit. The figure was created by software program Pajek.
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Figure 2: Local network of collaboration of Jean Tirole in the 1990s.

Note: The figure shows all authors within distance 2 of J. Tirole as well as the links between them. The width denotes the
strength of a tie. Some economists might appear twice or are missing due to the use of different initials or misspellings in
EconLit. The figure was created by software program Pajek.
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What do we know?
Networks are prevalent

Job contact networks, crime, trade, politics, ...

Network position and structure matters
rich sociology literature
Padgett example – Medicis not the wealthiest nor the 
strongest politically, but the most central

``Social’’ Networks have special characteristics 
small worlds, degree distributions...



Networks: Lecture 2 Graphs

Graphs—1

We represent a network by a graph (N, g), which consists of a set of nodes
N = {1, . . . , n} and an n× n matrix g = [gij ]i ,j∈N (referred to as an
adjacency matrix), where gij ∈ {0, 1} represents the availability of an edge
from node i to node j .

The edge weight gij > 0 can also take on non-binary values,
representing the intensity of the interaction, in which case we refer to
(N, g) as a weighted graph.

We refer to a graph as a directed graph (or digraph) if gij 6= gji and an
undirected graph if gij = gji for all i , j ∈ N.

Example 1:

 0 1 0
0 0 1
1 0 0

 ⇒
1

2 3

Example 2:

 0 1 1
1 0 1
1 1 0

 ⇒
1

2 3

1

2 3

⇒

6



Networks: Lecture 2 Graphs

Walks, Paths, and Cycles—1

We consider “sequences of edges” to capture indirect interactions.

For an undirected graph (N, g):

A walk is a sequence of edges {i1, i2}, {i2, i3}, . . . , {iK−1, iK }.
A path between nodes i and j is a sequence of edges
{i1, i2}, {i2, i3}, . . . , {iK−1, iK } such that i1 = i and iK = j , and each
node in the sequence i1, . . . , iK is distinct.
A cycle is a path with a final edge to the initial node.
A geodesic between nodes i and j is a “shortest path” (i.e., with
minimum number of edges) between these nodes.

A path is a walk where there are no repeated nodes.

The length of a walk (or a path) is the number of edges on that walk (or
path).

For directed graphs, the same definitions hold with directed edges (in which
case we say “a path from node i to node j”).

8



Networks: Lecture 2 Graphs

Walks, Paths, and Cycles—2

i j

walk

i j

path between i and j

i j

cycle

i j

shortest path

Note: Under the convention gii = 0, the matrix g2 tells us number of
walks of length 2 between any two nodes:

(g × g)ij = ∑k gikgkj

Similarly, gk tells us number of walks of length k.

9



Networks: Lecture 2 Graphs

Connectivity and Components

An undirected graph is connected if every two nodes in the network
are connected by some path in the network.

Components of a graph (or network) are the distinct maximally
connected subgraphs.
A directed graph is

connected if the underlying undirected graph is connected (i.e.,
ignoring the directions of edges).
strongly connected if each node can reach every other node by a
“directed path”.

1

2 3

Figure: A directed graph that is connected but not strongly connected
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Networks: Lecture 2 Graphs

Trees, Stars, Rings, Complete and Bipartite Graphs

A tree is a connected (undirected) graph with no cycles.
A connected graph is a tree if and only if it has n− 1 edges.
In a tree, there is a unique path between any two nodes.

Complete graph Ring Star

Tree actors movies

Bipartite graph

11



Networks: Lecture 2 Graphs

Neighborhood and Degree of a Node

The neighborhood of node i is the set of nodes that i is connected to.

For undirected graphs:
The degree of node i is the number of edges that involve i (i.e.,
cardinality of his neighborhood).

For directed graphs:
Node i ’s in-degree is ∑j gji .
Node i ’s out-degree is ∑j gij .

1 2

4 3

Figure: Node 1 has in-degree 1 and out-degree 2

12



Networks: Lecture 2 Properties of Networks

Properties of Networks

While a small network can be visualized directly by its graph (N, g),
larger networks can be more difficult to envision and describe.

Therefore, we define a set of summary statistics or quantitative
performance measures to describe and compare networks (focus on
undirected graphs):

Diameter and average path length
Clustering
Centrality
Degree distributions

A Simple Random Graph Model—Erdös-Renyi model
We use the notation G (n, p) to denote the undirected Erdös-Renyi
graph.
Every edge is formed with probability p ∈ (0, 1) independently of
every other edge.
Expected degree of a node i is E[di ] =

(n− 1)p
Expected number of edges is E[number of edges] = n(n−1)

2 p

13
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Betweeness centrality is number of times that a node lies along the

shortest path between two others.

Bi =
∑

j �=i,k �=i

gjk(i)

gjk

• gjk is the number of geodesic (shortest) paths d(j, k) from j to k,

• gjk(i) is the number of geodesic paths from j to k that pass through

i.

Observe that the node that has high betweenness can control the flow

of information, acting as a gatekeeper. That node may also serve as a

bridge between disparate regions of the network.



Consider the following network:

2

43

1

5



Adjacency matrix G:

G =






0 1 1 1 1
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0








We have

B1 =
∑

j �=i,k �=i

gjk(1)

gjk
=

5

6
= 0.83333

Indeed, there are 6 possible paths that do not include 1 in this network,

that is 23, 24, 25, 34 and 45, and only path 23 does not pass through

1.

This means that 83.33% of (shortest) paths in this network pass through

1.



We also have:

B3 =
∑

j �=i,k �=i

gjk(3)

gjk
=

0

6
= 0

Indeed, there are 6 possible paths that do not include 3 in this network,

that is 12, 14, 15, 24, 25 and 45 and none of them passes through 3.

B2 = B3 = B4 = B5 = 0



The closeness centrality of node i is simply the inverse of the sum

of geodesic distances to all other nodes. It is and inverse measure of

centrality.

We need to normalize it:

CLi(g) =
n− 1

∑
j �=i dij
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43

1

5

We have

CL1(g) =
4

1 + 1 + 1 + 1
= 1

CL2(g) = CL3(g) =
4

1 + 1 + 2 + 2
=

4

6
=

2

3
= 0.66667

CL4(g) = CL5(g) =
4

1 + 2 + 2 + 2
=

4

7
=

2

3
= 0.57143



The individual clustering for a node i is

Cli(g) =
number of triangles connected to node i

number of triples centered at i
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The individual clustering for the nodes 2 and 3 are 1, 1, for node 1 is

1/6 and for nodes 4 and 5 is 0, i.e.

Cl2(g) = Cl3(g) = 1

Cl1(g) =
1

6
= 0.16667

Cl4(g) = Cl5(g) = 0



Indeed, for node 1 there are 4 triangles starting at 1 and finishing at

1, i.e. cycles (13-32-21, 14-45-51, 12-25-51, 13-34-41) and 2 triangles

that cross 1 (23-34-42 and 25-54-42).

Only one has a clique (13-32-21), i.e. friends of friends are friends, that

is 1 is linked to 2 and 1 is linked to 3 implies that 2 and 3 are linked.

If we interpret links in terms of friendships, then, for individual 1, 16.67%

of her friends are also friends together.



The average clustering of network g is

Clavgi (g) =
1

n

∑

i

Cli(g)

The overall clustering coeffcient for this network is

Cl
avg
i (g) =

1

5

5∑

i=1

Cli(g) =
3

8



Eigenvector centrality is a measure of the importance of a node in a

network.

It assigns relative scores to all nodes in the network based on the principle

that connections to high-scoring nodes contribute more to the score of

the node in question than equal connections to low-scoring nodes.

Google’s PageRank is a variant of the Eigenvector centrality measure.

Another related centrality is Katz-Bonacich centrality.



Let xi denote the score (i.e. centrality) of the ith node.

Eigenvector centrality: For the ith node, let the centrality score xi be

proportional to the sum of the centrality scores of all nodes which are

connected to it. Hence:

xi =
1

λ

j=n∑

j=1

gijxj

where λ > 0 is a constant. In vector/matrix notation:

λx = Gx

Hence we see that x is an eigenvector of the adjacency matrix with

eigenvalue λ.

Assuming that we wish the centralities to be non-negative, it can be

shown (using the Perron-Frobenius theorem) that λ must be the largest

eigenvalue of the adjacency matrix and x the corresponding eigenvector.



Perron-Frobenius theorem: Since G of an undirected graph is real

and symmetric, all λi (eigenvalues) are real. Thus there exists a largest

eigenvalue λmax(G) such that |λi| ≤ λmax and there exists an associated

nonnegative eigenvector xmax ≥ 0 such that Gxmax =λmax(G)xmax.



The eigenvector centrality defined in this way accords each node a

centrality that depends both on the number and the quality of its con-

nections:

having a large number of connections still counts for something, but a

node with a smaller number of high-quality contacts may outrank one

with a larger number of mediocre contacts.

Eigenvector centrality turns out to be a revealing measure in many

situations.

For example, a variant of eigenvector centrality is employed by the well-

known Web search engine Google to rank Web pages, and works well in

that context.



For example, consider the following star-shaped network with n = 5

G =






0 1 1 1 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0






Eigenvalues: 2, 0,−2 so λmax(G) = 2.

Eigenvector corresponding to λmax(G) = 2 is:

xmax =






xmax
1

xmax
2

xmax
3

xmax
4

xmax
5






=






2
1
1
1
1








The Bonacich network centrality The kth power Gk = G(k times)... G

of the adjacency matrix G keeps track of indirect connections in g.

The coefficient g
[k]
ij in the (i, j) cell of Gk gives the number of paths of

length k in g between i and j.

Definition 0.1 Given a vector u ∈ Rn+, and φ ≥ 0 a small enough

scalar, we define the vector of Bonacich centralities of parameter φ in

the network g as:

bu (g, φ) = (I− φG)−1 u =
+∞∑

p=0

φpGpu.



• A Adjacency matrix of network G

• Example: Network g with three individuals (star)

12 3

• Adjacency matrix

A =

⎡⎢⎣ 0 1 1
1 0 0
1 0 0

⎤⎥⎦



For k ≥ 1

A2k =

⎡⎢⎣ 2
k 0 0

0 2k−1 2k−1

0 2k−1 2k−1

⎤⎥⎦ and A2k+1 =

⎡⎢⎣ 0 2k 2k

2k 0 0

2k 0 0

⎤⎥⎦

For example

A3 =

⎡⎢⎣ 0 2 2
2 0 0
2 0 0

⎤⎥⎦

A3: two paths of length three between 1 and 2: 12 → 21 → 12 and

12→ 23→ 32.

But no path of length three from i to i.



• Example: Network g with three individuals (star)

12 3

When λ is small enough (i.e. λ < 1/20.5 since 20.5 largest eigenvalue),

then the vector of Bonacich network centralities is:

b(G,λ) =

⎡⎢⎣ b1(G,λ)
b2(G,λ)
b2(G,λ)

⎤⎥⎦ = 1³
1− 2λ2

´
⎡⎢⎣ 1 + 2λ1 + λ
1 + λ

⎤⎥⎦
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Determine Katz-Bonacich centrality by accounting for only path of

length 1 and 2.

Define mij(g, a) =
∑+∞

k=0 φkg
[k]
ij . This counts the number of paths in g

starting from i and ending at j, where paths of length k are weighted

by φk. Observe that g
[k]
ii = 0 but not necessarily g

[3]
ii .



Bonacich index is (when j can be equal to i):

bi(g, φ) = mii(g, φ) +
∑

j �=i

mij(g, φ)

=
+∞∑

k=0

φkg
[k]
ii +

+∞∑

k=0,j �=i

φkg
[k]
ij

If φ is small enough (less than 1 over the largest eigenvalue of G), then

b(g, φ) = [I− φG]−1 1



We have

G =






0 1 1 1 1
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0






which implies that

G1 =






0 1 1 1 1
1 0 1 0 0
1 1 0 1 1
1 0 0 0 0
1 0 0 0 0











1
1
1
1
1






=






4
2
2
1
1








We have:

G2=






0 1 1 1 1
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0






2

=






4 1 1.0 0 0
1 2 1 1 1
1 1 2 1 1
0 1 1 1 1
0 1 1 1 1






and thus

G21 =






0 1 1 1 1
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0






2




1
1
1
1
1






=






6
6
6
4
4








Thus, individual 1’s Bonacich centrality (up to length 2) is (using the

first row of G1 and G21):

b1(g, φ) = 4φ + 6φ2

whereas individual 3’s Bonacich centrality (up to length 2) is (using the

third row of G1 and G21):

b3(g, φ) = 2φ + 6φ2

It is easy verified that b1(g, φ) > b3(g, φ).



Different centrality measures to capture the 
prominence of actors inside a network.  

 
 
 
Degree centrality: counts the number of 

connections an agent has.  
 
 
 
 
Bonacich centrality: gives to any individual a 

particular numerical value for each of his/her direct 
connection. Then, give a smaller value to any 
connection at distance two and an even smaller 
value to any connection at distance three; etc. When 
adding up all these values, we end up with a new 
numerical value that is now capturing both direct 
and indirect connections of any order.  

 
 
 
Betweenness centrality: calculates the relative 

number of indirect connections (or shortest paths) in 
which the actor into consideration is involved in 
with respect to the total number of paths in the 
network.   

 
 



 

 
 

 
Agent in the middle: 

highest betweenness
 
Bonacich centrality

discount factor.  
 
For small discount factors (i.e. 

less benefits), this
for high levels of discount (i.e. direct links are 
weighted less), this agent is the most central.

 
 

2

 

 

Agent in the middle: Lowest degree centrality
highest betweenness centrality.  

centrality: Depends on the value
 

For small discount factors (i.e. indirect links give 
less benefits), this agent is the less central one while 
for high levels of discount (i.e. direct links are 
weighted less), this agent is the most central.

 

 

centrality, 

value of the 

t links give 
agent is the less central one while 

for high levels of discount (i.e. direct links are 
weighted less), this agent is the most central. 



Diameter and average path length of a network g:

DIAMg = max
i,j

d(i, j)

where d(i, j) denotes the length of the shortest path (or geodesic) be-

tween node i and j.

APLg =

∑
i≥j d(i, j)

n(n− 1)/2



2

43

1

5



DIAMg = max
i,j

d(i, j) = 2

where d(i, j) denotes the length of the shortest path (or geodesic) be-

tween node i and j.

APLg =

∑
i≥j d(i, j)

n(n− 1)/2
=

1 + 1 + 1 + 1 + 1 + 2 + 2 + 2 + 2 + 2

5× 4/2
= 1.5



Networks: Lecture 2 Properties of Networks

Degree Distributions

The degree distribution, P(d), of a network is a description of relative
frequencies of nodes that have different degrees d .

For a given graph: P(d) is a histogram, i.e., P(d) is the fraction of
nodes with degree d .
For a random graph model: P(d) is a probability distribution.

Two types of degree distributions:

P(d) ≤ c e−αd , for some α > 0 and c > 0: The tail of the distribution
falls off faster than an exponential, i.e., large degrees are unlikely.
P(d) = c d−γ, for some γ > 0 and c > 0: Power-law distribution:
The tail of the distribution is fat, i.e., there tend to be many more
nodes with very large degrees.

Appear in a wide variety of settings including networks describing
incomes, city populations, WWW, and the Internet
Also known as a scale-free distribution: a distribution that is unchanged
(within a multiplicative factor) under a rescaling of the variable
Appear linear on a log− log plot

What is the degree distribution of the Erdös-Renyi model?
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Consider a set of  nodes, every pair of nodes being connected with

probability  and then independently consider each possible link.

Degree distribution  () of the Erdos-Renyi model

 (deg = ) =

Ã
− 1


!
 (1− )−1−



Networks in Labor Markets

Myers and Shultz (1951)- textile workers:
62% first job from contact

23% by direct application
15% by agency, ads, etc.

Rees and Shultz (1970) – Chicago market:
Typist 37.3%
Accountant 23.5%
Material handler 73.8%
Janitor 65.5%, Electrician 57.4%…

Granovetter (1974), Corcoran et al. (1980), 
Topa (2001), Ioannides and Loury (2004) ...







Other Settings
Networks and social interactions in crime:

Reiss (1980, 1988) - 2/3 of criminals commit crimes with 
others
Glaeser, Sacerdote and Scheinkman (1996) - social 
interaction important in petty crime, among youths, and in 
areas with less intact households

Networks and Markets
Uzzi (1996) - relation specific knowledge critical in garment 
industry
Weisbuch, Kirman, Herreiner (2000) – repeated 
interactions in Marseille fish markets

Social Insurance
Fafchamps and Lund (2000) – risk-sharing in rural 
Phillipines
De Weerdt (200

Sociology literature – interlocking directorates, aids 
transmission, language, ...



Stylized Facts: Small diameter
Milgram (1967) letter experiments 

median 5 for the 25% that made it 
Actors in same movie (Kevin Bacon Oracle)

Watts and Strogatz (1998)  – mean 3.7
Co-Authorship studies

Grossman (1999) Math mean 7.6, max 27, 
Newman (2001) Physics mean 5.9, max 20
Goyal et al (2004) Economics mean 9.5, max 29

WWW
Adamic, Pitkow (1999) – mean 3.1 (85.4% possible of 
50M pages)



High Clustering Coefficients -
distinguishes ``social’’ networks

Watts and Strogatz (1998)  
.79 for movie acting 

Newman (2001) co-authorship
.496 CS, .43 physics, .15 math,  .07 biomed

Adamic (1999) 
.11 for web links (versus .0002 for random graph of 
same size and avg degree)

21
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link?3



Distribution of links per node:
Power Laws

Plot of log(frequency) versus log(degree) is 
``approximately’’ linear in upper tail

prob(degree) =  c degree-a

log[prob(degree)] = log[c] – a log[degree]

Fat tails compared to random network 

Related to other settings: Pareto (1896), Yule 
(1925), Zipf (1949), Simon (1955),



























Degree – ND www Albert, 
Jeong, Barabasi (1999)
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Co-Authorship Data, Newman 
and Grossman



Liljeros et al. (Nature 2001): 1996 Swedish survey of 
sexual behaviour. 

Evidence that the distribution of sexual partners follows a 
power law distribution 

 
              

 
 



Three Key Questions:

How does network structure affect interaction 
and behavior?

Which networks form?
Game theoretic reasoning
dynamic random models

When do efficient networks form?
Intervention - design incentives?











Random Graphs: Bernoulli  
(Erdos and Renyi (1960))

``low’’ diameter 
if degree is high,
no clustering,
Poisson degree







Rewired lattice (Watts and 
Strogatz (1999))

high clustering
low diameter if degree is high
but too regular









Preferential Attachment
(Barabasi and Albert (2001))

scale-free degree distribution
low diameter, 
but no clustering



Jackson and Rogers (AER 2007)

N Nodes are players

N Indexed by date of birth t = {1, 2, 3, ...}

N Find mr other nodes at random

N Search their neighborhoods to find ms more nodes.

think of entering at a random web page and following its links

N Attach to a given node if net utility is positive

random utility or

increasing in node’s degree



Degree Distribution

Expected increase in the in-degree of a node i

p ( mr /t  + di [ms /(t m)])

m – average links/node,   r – ratio random/search

prob found at
random

prob found through 
search

prob linked to
given found

number of
neighbors

prob my 
neighbor
is entry point



Proposition (Mean field)

The degree distribution of the mean field 
approximation to the process has a degree 
distribution having complementary cdf of

F (d) = 1- (rm) 1+r (d + rm) -(1+r)

Clustering is bounded away from 0 and decreasing 
in r



Varying the relative Random 
and Search probabilities

r=0 r=1 r= ∞

































Advantages of Random Graph 
Models

Generate large networks with well identified 
properties
Mimic real networks (at least in some 
characteristics)
Tie a specific property to a specific process



What’s Missing From Random
Graph Models?

The ``Why’’?  
Why this process? (lattice, preferential attach...)

Implications of network structure: economic 
and social context or relevance?  

welfare and how can it be improved...
Careful Empirical Analysis 

``Scale-Free’’ may not be 
No fitting of models to data (models aren’t rich 
enough to fit across applications)



Scientific Importance of Networks: 
Introduction



Economic/Game Theoretic
Models

Welfare analysis – agents get utility from  
networks

ui(g)
Efficient Networks: argmax ∑ ui(g)

Decision making agents form links and/or choose 
actions



Example: Connections Model
Jackson and Wolinsky (1996):

benefit from a friend is δ
benefit from a friend of a friend is δ2,...
cost of a link is c

Pairwise Stable networks
ui(g) ≥ ui(g-ij)  for each i and ij in g
ui(g+ij) ≥ ui(g)  implies uj(g+ij) ≥ uj(g) for each ij not in g

u2= 3δ+ δ2 -3c

1 

2

3

4 

5 u5= δ+ δ2+2 δ3 -c
u1= 2δ+ δ2 + δ3 -2c



Efficient Networks
low cost: c< δ-δ2

complete network is efficient

medium cost: δ-δ2 < c < δ+(n-2)δ2/2
star network is efficient

minimal number of links to connect
connection at length 2 is more valuable than at 1 (δ-c<δ2) 

high cost: δ+(n-2)δ2/2 < c
empty network is efficient



Pairwise Stable Networks:
low cost: c< δ-δ2

complete network is pairwise stable (and efficient)

medium/low cost: δ-δ2 < c < δ
star network is pairwise stable (and efficient)
others are also pairwise stable

medium/high cost: δ< c < δ+(n-2)δ2/2
star network is not pairwise stable (no loose ends)
nonempty pairwise stable networks are over-connected 
and may include too few agents

high cost: δ+(n-2)δ2/2 < c
empty network is pairwise stable (and efficient)



Transfers cannot always help

4
anonymity:  same transfers 
to identical players

balance: no transfers 
outside of component value 12

4 4

≥ 4 value 13 
efficient

≥ 6 ≥ 4

66 value 12

66
6 6



Rich literature on such issues
loosen anonymity (Dutta-Mutuswami (1997))
directed networks (Bala-Goyal (2000), Dutta-Jackson (2000),...)
bargaining when forming links (Currarini-Morelli(2000), Slikker-
van den Nouweland (2000), Mutuswami-Winter(2002), Bloch-
Jackson (2004))
dynamic models (Aumann-Myerson (1988), Watts (2001), 
Jackson-Watts (2002ab), Goyal-Vega-Redondo (2004), Feri 
(2004), Lopez-Pintado (2004),...) 
farsighted models (Page-Wooders-Kamat (2003), Dutta-Ghosal-
Ray (2003), Deroian (2003),...)
allocating value (Myerson (1977), Meessen (1988), Borm-Owen-
Tijs (1992), van den Nouweland (1993), Qin (1996), Jackson-
Wolinsky (1996), Slikker (2000), Jackson (2005)...)
modeling stability (Dutta-Mutuswami (1997), Jackson-van den 
Nouweland (2000), Gilles-Sarangi (2003ab), Calvo-Armengol and 
Ikilic (2004),...)   
experiments (Callander-Plott (2001), Corbae-Duffy (2001), 
Pantz-Zeigelmeyer (2003), Charness-Corominas-Bosch-Frechette
(2001), Falk-Kosfeld (2003), ...)



Models of Networks in Context
crime networks (Glaeser-Sacerdote-Scheinkman (1996), Ballester, Calvo, 
Zenou (2003),...)
markets (Kirman (1997), Tesfatsion (1997), Weisbach-Kirman-Herreiner
(2000), Kranton-Minehart (2002), Corominas-Bosch (2005), Wang-Watts 
(2002), Galeotti (2005),Kakade et al (2005)...)
labor networks (Boorman (1975), Montgomery (1991, 1994), Calvo (2000), 
Arrow-Borzekowski (2002), Calvo-Jackson (2004,2005), Cahuc-Fontaine 
(2004), Currie...)
insurance (Fafchamps-Lund (2000), DeWeerdt (2002), Bloch-Genicot-Ray 
(2004),...
IO (Bloch (2001), Goyal-Moraga (2001), Goyal-Joshi (2001), Belleflamme-
Bloch (2002),Billard-Bravard (2002), ...)
international trade (Casella-Rauch (2001), Furusawa-Konishi (2003),
public goods (Bramoulle-Kranton (2004)
airlines (Starr-Stinchcombe (1992), Hendricks-Piccione-Tan (1995))
network externalities in goods (Katz-Shapiro (1985), Economides (1989, 
1991) , Sharkey (1991)...)
organization structure (Radner (), Radner-van Zandt (), Demange (2004)...)
learning (Bala-Goyal (1998), Morris (2000), DeMarzo-Vayanos-Zweibel
(2003), Gale-Kariv (2003), Choi-Gale-Kariv (2004),...) 



Can economic models match 
observables?

Small worlds related to costs/benefits

low costs to local links – high clustering

high value to distant connections – low diameter



Geographic Connections (Johnson-Gilles 
(2000), Carayol-Roux (2003), Galeotti-Goyal-
Kamphorst (2004), Jackson-Rogers (2004))

high clustering, 
low diameter,
but regular degree

low cost of link to player 
on own ``island’’ – high 
cost across islands



Friendship Formation, Oppositional

Identity, and Segregation

Joan de Marti
Universitat Pompeu Fabra

Yves Zenou
Stockholm University and IFN

November 2008



Low Within-Community Costs

Consider the following network

BlacksWhites

mB

0B

0B0B

0B

Black

If

C >

�
δ+

�
nB � 1

�
δ2 � c

� �
nW + 1

�
nW � 1

then this network, where not fully intraconnected communities prevail and
where one black is assimilated and has an oppositional identity while all
other blacks are separated, is pairwise stable.
Joan de Martí and Yves Zenou () Friendship Formation, Oppositional Identity and Segregation May 2008 15 / 19



Advantages of an economic 
approach

Payoffs allow for a welfare analysis
Identify tradeoffs – incentives versus efficiency

Tie the nature of externalities to network 
formation...

Put network structures in context

Account for (and explain) some observables



What’s missing from Game 
theoretic models?  

Stark network structures emerge
need more heterogeneity

over-emphasize choice versus chance 
determinants for large applications?

more on network structure and outcomes



Games on Networks



Calvó-Armengol and Jackson (AER 2004)

Labor Market Networks













Ballester, Calvó-Armengol and Zenou

Peer effects in Networks

Econometrica 2006



Utility function for all i = 1, ..., n.

ui = αxi −
1

2
(β − γ)x2i| {z }

Own Concavity

− γ
nX

j=1

xixj| {z }
Global Substituability

+ λ
nX

j=1

gijxixj| {z }
Local Complementarity



The network Bonacich centrality To each network g, we associate its

adjacency matrix G = [gij].

Symmetric zero-diagonal square matrix that keeps track of the direct

connections in g.

The kth power Gk = G(k times)... G of the adjacency matrix G keeps

track of indirect connections in g.

The coefficient g
[k]
ij in the (i, j) cell of Gk gives the number of paths of

length k in g between i and j.



The Bonacich centrality of node i is bi(g, a) =
Pn
j=1mij(g, a),

and counts the total number of paths in g starting from
i.

It is the sum of all loops starting from i and ending at i,
and all outer paths that connect i to every other player
j 6= i:

bi(g, a) = mii(g, a)| {z }
self−loops

+
X
j 6=i

mij(g, a)| {z }
out−paths

.

Note that, by definition,mii(g, a) ≥ 1, and thus bi(g, a) ≥
1.





Best-reply functions

BRi(y−i) = φ
n∑

j=1

gijyj +
M∑

m=1

βmx
m
i − pf + ηk + εi

Alice︸ ︷︷ ︸
yA↑∆

→ Bob︸ ︷︷ ︸
yB↑φ∆

→ Charlie︸ ︷︷ ︸
yC↑φ

2∆

• Direct complementarities induce indirect complementarities of all

possible order.

• There is a discount of distance φdistance.

• This means that φ cannot be too large.







In words, the denser the pattern of local complementari-
ties, the higher the aggregate outcome, as players can rip
more complementarities in g0 than in g.

The geometric intuition for this result is clear. Recall
that b(g, λ∗) counts the total number of weighted paths
in g. This is obviously an increasing function in g (for the
inclusion ordering), as more links imply more such paths.









The Bonacich centrality of player i counts the number of
paths in g that stem from i.

The intercentrality counts the total number of such paths
that hit i;

It is the sum of i’s Bonacich centrality and i’s contribu-
tion to every other player’s Bonacich centrality.

Holding bi(g,a) fixed, ci(g,a) decreases with the propor-
tion of i’s Bonacich centrality due to self-loopsmii(g,a)/bi(g,a).





Is the key player always the more active criminal?

Holding bi(g, φ) fixed, the intercentrality di(g, φ) of player i decreases

with the proportion mii(g, φ)/bi(g, φ) of i’s Bonacich centrality due to

self-loops, and increases with the fraction of i’s centrality amenable to

out-walks.

Not always true.



Consider this network g with eleven criminals.

Figure 1: A bridge network
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We distinguish three different types of equivalent actors in this network,
which are the following:

Type Criminals
1 1
2 2, 6, 7 and 11
3 3, 4, 5, 8, 9 and 10



Role of location in the network

Criminals are ex identical: α = 1

b1 (g, φ) = (I− φG)−1 1

y∗i = b1i (g, φ) and di∗(g, φ) = b1(g, φ)− b
[−i]
1 (g, φ).

Take φ = 0.2.

Table 1a: Key player versus Bonacich centrality in a bridge network

Player Type 1 2 3
yi = bi 8.33 9.17∗ 7.78
di 41.67∗ 40.33 32.67























Calvó-Armengol, Patacchini and Zenou

Peer Effects and Social Networks in Education

Review of Economic Studies 2009



Empirics: Test predictions of our peer-effect model

Dataset of friendship networks in the United States from the National

Longitudinal Survey of Adolescent Health (AddHealth).

Role of network location in education.

Empirical issues: endogenous network formation, unobserved individual,

school and network heterogeneity.

Richness of the information provided by the AddHealth data

Use of both within and between network variations



11,491 pupils distributed over 181 networks.

Direct estimation of the model:

A one-standard deviation increase in the Katz-Bonacich index translates

into roughly 7 percent of a standard deviation in education outcome.



Influence of peers on education outcomes

Standard approach: instrumental variables (e.g. Evans et al., 1992)

or a natural experiment (e.g. Angrist and Lavy, 1999; Sacerdote, 2001;

Zimmerman, 2003)

Nearly no studies that have adopted a more structural approach to test

a specific peer effect model in education

(Glaeser et al. (1996) peer effecs in criminal behavior).



Here:

Stress the role of the structure of social networks in explaining individual

behavior.

Build a theoretical model of peer effects

Direct empirical test of our model on the network structure of peer

effects

We characterize the exact conditions on the geometry of the peer net-

work, so that the model is fully identified



Utility function

ui(y
0, z;g) = θi y

0
i −

1

2

³
y0i

´2
+ μgizi −

1

2
z2i + φ

nX
j=1

gijzizj.

θi(x) =
MX

m=1

xmi| {z }
i’s observable heterogeneity

+
1

gi

MX
m=1

nX
j=1

gij x
m
j| {z }

i’s friends (average) observable heterogeneity

xmi set ofM variables accounting for observable differences in individual,
neighborhood and school characteristics of individual i.



Equilibrium behavior Nash equilibrium

max
y0i ,zi

ui(y
0, z;g) = θi y

0
i −

1

2

³
y0i

´2
+ μgizi −

1

2
z2i + φ

nX
j=1

gijzizj.

Best reply function for each i = 1, ..., n:

y0∗i (x) = θi (x) =
MX

m=1

xmi +
1

gi

MX
m=1

nX
j=1

gij x
m
j

z∗i (g) = μgi + φ
nX

j=1

gijzj



Individual outcome (educational achievement) is the sum of these two

different efforts:

y∗i (x,g) = y0∗i (x)| {z }
idiosyncratic

+ z∗i (g)| {z }
peer effect

.

We can decompose additively individual behavior into an exogenous

part and an endogenous peer effect component that depends on the

individual under consideration:



Denote by ω(g) the largest eigenvalue of the adjacency matrixG =
h
gij
i

of the network.

Proposition 3.1 Suppose that φω(g) < 1. Then, the individual equilib-

rium outcome is uniquely defined and given by:

y∗i (x,g) = θi (x) +
μ

φ
bi (g, φ) . (3)

Rewriting (3) as

y∗i (x,g) =

Ã
1 +

μ

φ

bi (g, φ)

θ0i (x)

!
y0∗i (x) ,

Peer influence acts as a multiplier on the behavior of the isolated indi-

vidual.



Alternative formulation of the model Our utility function: each indi-
vidual i chooses two different effort levels, y0i and zi.

Assume utility function with only one type of effort zi:

ui(z;g) = μgizi −
1

2
z2i + φ

nX
j=1

gijzizj. (4)

Best reply function for each individual i

z∗i (g) = μgi + φ
nX

j=1

gijzj

When φω(g) < 1

z∗i (g) =
μ

φ
bi (g, φ)



Educational achievement of each individual i:

y∗i (x,g) = θi(x) + z∗i (g)

θi(x) contextual effects



4 Data

Unique database on friendship networks from the National Longitudinal

Survey of Adolescent Health (AddHealth).

Adolescents’ behavior in the United States: Data on students in grades

7-12 from a nationally representative sample of roughly 130 private and

public schools in years 1994-95.

Respondents’ demographic and behavioral characteristics, education,

family background and friendship.



Friendship networks

Friendship information is based upon actual friends nominations.

Pupils were asked to identify their best friends from a school roster (up

to five males and five females).

The limit in the number of nominations is not binding.

Less than 1% of the students in our sample show a list of ten best

friends.

Less than 3% a list of five males and roughly 4% name five females.



On average, they declare to have 5.48 friends with a small dispersion

around this mean value (the standard deviation is equal to 1.29).

The corresponding figures for male- and female-friends are 2.78 (with

standard deviation equal to 1.85) and 3.76 (with standard deviation

equal to 1.04).



A link exists between two friends if at least one of the two individuals

has identified the other as his/her best friend (undirected networks)

We also consider directed networks: 14% of relationships are not recip-

rocal.

For each school, we obtain all the networks of (best) friends.

Education achievements

Grade achieved by each student in mathematics, history and social stud-

ies and science, ranging from D or lower to A, the highest grade (re-

coded 1 to 4).

School performance index



Final sample: 11,964 pupils distributed over 199 networks.

Descriptive statistics



Table 1: Descriptive statistics

(11,964 pupils; 199 networks)



Mean St. Dev. Min Max

Female 0.41 0.35 0 1

Black or African American 0.17 0.31 0 1

Other races 0.12 0.15 0 1

Age 15.29 1.85 10 19

Religion practice 3.11 1.01 1 4

Health status 3.01 1.77 0 4

School attendance 3.28 1.86 1 6

Student grade 9.27 3.11 7 12

Organized social participation 0.62 0.22 0 1

Motivation in education 2.23 0.88 1 4

Relationship with teachers 0.12 0.34 0 1

Social exclusion 2.26 1.81 1 5

School attachment 2.59 1.76 1 5

Parental care 0.69 0.34 0 1

Household size 3.52 1.71 1 6

Two married parent family 0.41 0.57 0 1

Single parent family 0.23 0.44 0 1

Public assistance 0.12 0.16 0 1

Mother working 0.65 0.47 0 1



Mean St. Dev. Min Max

Parental education 3.69 2.06 1 5

Parent age 40.12 13.88 33 75

Parent occupation manager 0.11 0.13 0 1

Parent occupation professional or technical 0.09 0.21 0 1

Parent occupation office or sales worker 0.26 0.29 0 1

Parent occupation manual 0.21 0.32 0 1

Parent occupation military or security 0.09 0.12 0 1

Parent occupation farm or fishery 0.04 0.09 0 1

Parent occupation retired 0.06 0.09 0 1

Parent occupation other 0.11 0.16 0 1



Table 1: Descriptive statistics (continued)

Mean St. Dev. Min Max

Neighborhood quality 2.99 2.02 1 4

Residential building quality 2.95 1.85 1 4

Neighborhood safety 0.51 0.57 0 1

Residential area suburban 0.32 0.38 0 1

Residential area urban - residential only 0.18 0.21 0 1

Residential area commercial properties - retail 0.12 0.15 0 1

Residential area commercial properties - industrial 0.13 0.18 0 1

Residential area type other 0.19 0.25 0 1

Friend attachment 0.49 0.54 0 1

Friend involvement 1.88 1.56 0 3

Friend contacts 0.89 0.12 0 1

Physical development 3.14 2.55 1 5

Self esteem 3.93 1.33 1 6



4.1 Descriptive evidence

Mean and the standard deviation of network size are 60.42 and 24.48,
respectively.
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Figure 2. The empirical distribution of adolescent networks



Smallest network in our sample.

Figure 3. Smallest network of adolescents (n = 16)

The largest network in our sample is almost seven times bigger and has

107 members.



5 Empirical strategy

Proposition 3.1: Actual empirical relationship between bi (g, φ) and the

observed effort level y∗i .

Maximally connected components:

Two agents in a network are either directly linked or indirectly linked

through a sequence of intermediate agents (connectedness).

Two agents in different networks cannot be connected through any such

sequence (maximality).



gκ network encompassing nκ different individuals.

K such networks in the economy.
PK
κ=1 nκ = n.



Theory:

yi (x,g) =
MX

m=1

xmi +
1

gi

MX
m=1

nX
j=1

gij x
m
j| {z }

idiosyncratic

+ zi (x,g)| {z }
peer effect

.

zi = μgi + φ
nX

j=1

gijzj, i = 1, ..., n

Empirical counterpart

yi,κ =
MX

m=1

βmx
m
i,κ +

1

gi,κ

MX
m=1

nκX
j=1

γmgij,κx
m
j,κ + ηκ + εi,κ, (5)

εi,κ = μgi,κ + φ
nκX
j=1

gij,κεj,κ + υi,κ, i = 1, ..., n; κ = 1, ...,K,



ηκ is an (unobserved) network-specific component (constant over indi-

viduals in the same network)

εi,κ residual of individual i’s level of activity in the network g that is not

accounted for neither by individual heterogeneity and contextual effects

nor by (unobserved) network-specific components.

Pnκ
j=1 gij,κεj,κ is the spatial lag term and φ is the spatial autoregressive

parameter.

Matrix notation:

y = Xβ +DGXγ + η + ε

ε = μG1+ φGε+ ν,



Our model is a variation of the Anselin (1988) spatial error model.

Using the Maximum Likelihood approach (see, e.g. Anselin, 1988), we

estimate jointly bβ, bγ, bφ, bμ.



These values: measure the relative importance of

individual characteristics, bβ1, ..., bβm (e.g. parental education, school

and neighborhood quality),

contextual effects, bγ1, ..., bγm (e.g. average parental education of each

individual’s best friends, etc.),

the individual Katz-Bonacich centrality index, bφ and bμ,
in shaping individuals’ behavior (equation (3) in Proposition 3.1).



5.1 Identification of peer effects

Assessment of the effects of peer pressure on individual behavior, i.e.

the identification of endogenous social effects

Typically characterized by econometric issues

First problem: The endogenous sorting of individuals into groups

Second problem: The reflection problem (Manski, 1993).



6 Empirical results

6.1 The Katz-Bonacich network centrality index

Model (5) is estimated using the Maximum Likelihood approach.



ML (with network fixed effects)

Number of best friends (μ) 0.0314**

(0.0149)

Peer effects (φ) 0.5667***

(0.1433)

Individual socio-demographic variables yes

Family background variables yes

Protective factors yes

Residential neighborhood variables yes

Contextual effects yes

School fixed effects yes

R2 = 0.8987
Notes:

- Number of observations: 2,079,871 (11,491pupils, 181networks)

- Regressions are weighted to population proportions

- Standard errors in parentheses.
Coefficients marked with one (two) [three] asterisks

are significant at 10 (5) [1] percent level



Estimated μ and φ are both positive and highly statistically significant.

Calculate the Katz-Bonacich measure by fixing the value of φ at the

point estimate bφ.
Derived Katz-Bonacich measures range from 0.32 to 3.48, with an av-

erage of 1.65 and a standard deviation of 2.79.

The estimated impact of this variable on education outcomes that is

predicted by the theory, i.e. bμ/bφ is statistically significant.
A one-standard deviation increase in the Katz-Bonacich index translates

into roughly 7 percent of a standard deviation in education outcome

This effect is about 17 percent for parental education.



7.1 An alternative measure of network unit centralities

Two dimensions of centrality, connectivity and betweenness.

Bonacich centrality is an index of connectivity since it counts the number

of any path stemming from a given node, not just optimal paths.



Degree centrality The individual-level degree centrality is simply each

individual’s number of direct friends:

δi(gκ) = gi =
nX

j=1

gij

To compare networks of different sizes, this measure is normalized to be

in an interval from 0 to 1, where values 0 and 1 indicate the smallest

and the highest possible centrality.

δ∗i (gκ) =
gi

nκ − 1
=

Pn
j=1 gij

nκ − 1

In our data, the normalized degree centrality index δ∗i (gκ) has a mean
equal to 0,35 and a standard deviation equal to 0,18.



Closeness centrality The standard measure of centrality according to

closeness of individual i is given by:

ci(gκ) =
1P

j dij,κ

where dij is the geodesic distance (length of the shortest path) between

individuals i and j.

As a result, the closeness centrality of individual i is the inverse of the

sum of geodesic distances from i to the n−1 other individuals (i.e. the
reciprocal of its “farness”).

Compared to degree centrality, the closeness measure takes into ac-

count not only direct connections among individuals but also indirect

connections.

Compared to the Katz-Bonacich centrality, the closeness measure as-

sumes a weight of one to each indirect connection.



Relative closeness centrality measure as:

c∗i (gκ) =
nκ − 1P
j dij,κ

where nκ−1 is the maximum possible distance between two individuals

in network κ. This measure takes value between 0 and 1.

The mean and the standard deviation in our data of this normalized

index are 0.49 and 0.27.



Betweenness centrality measure of agent i in a network component gκ

fi(gκ) =
X
j<l

# of shortest paths between j and l through i in gκ

# of shortest paths between j and l in gκ

where j and l denote two given agents in gκ.

For undirected networks, a normalized version of this measure is:

f∗i (gκ) =
fi(gκ)

(nκ − 1) (nκ − 2) /2
,

where nκ is the size of the network gκ.

Betweenness is a parameter-free network measure.

In our data, the normalized betweenness measure f∗i has a mean equal
to 0.45 and a standard deviation equal to 0.51.



Table 4. Explanatory power of unit centrality measures

Dependent variable: school performance index



OLS OLS OLS

Degree centrality 0.2508* - -

(0.1475)

Closeness centrality - 0.2892 -

(0.2599)

Beetweenness centrality - - 0.0621

(0.0698)

Individual socio-demographic variables yes yes yes

Family background variables yes yes yes

Protective factors yes yes yes

Residential neighborhood variables yes yes yes

Contextual effects yes yes yes

School fixed effects yes yes yes

R2 0.7958 0.8202 0.8001

Notes:

- Number of observations: 2,079,871 (11,491 pupils, 181 networks)

- Control variables are those listed in Appendix 3.
- Network fixed-effects OLS estimators are reported. They are

within-group estimates where individuals are grouped by networks

- Regressions are weighted to population proportions



Out of the three measures, only degree centrality shows a statistically

slighly significant impact (i.e., at the 10% significance level).

When such an effect is translated in terms of standard deviations, its

impact on educational outcomes is not even one third of the effect ex-

erted by the Katz-Bonacich centrality index (roughly 2.1 percent versus

7 percent).

Two main explanations

1) Bonacich centrality is not an arbitrary network measure but results

from a positive analysis that maps network topology to equilibrium be-

havior.

2) Betweenness centrality is a parameter-free network index. It only

depends on the network geometry.
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Structure of real-life networks: characterized by low diameter (small

world), high clustering, and “scale-free” degree distributions.

Need to analyze how and why networks form,

the impact of network structure on agents’ outcomes,

the evolution of networks over time.

This is the aim of this paper



Network formation: Two literatures

Random network formation: mainly dynamic and links are formed ran-

domly

(Erdös and Rényi, PM 1959, Albert and Barabási , RMP 2002; Jackson

and Rogers, AER 2004).

Strategic network formation: mainly static (game theory, pairwise sta-

bility)

(Myerson, 1991; Jackson and Wolinsky JET 1996; Bala and Goyal,

Econometrica 2000)



Random approach: insight into how networks form (i.e. matches the

characteristics of real-life networks)

Strategic approach: Why networks form

Games on networks: take the network as given and study how the net-

work structure impacts on outcomes and individual decisions.

(Ballester, Calvó-Armengol, Zenou, Econometrica 2006, Bramoulle and

Kranton, JET 2008; Galeotti, Goyal, Jackson, Vega-Redondo, Yariv,

Restud 2009)



Here: introduce strategic interactions in a non-random dynamic network

formation game.

Two-stage game at each period of time:

First stage: agents play their equilibrium contributions proportional to

their Bonacich centrality (as in Ballester et al, 2006)

Second stage: a randomly chosen agent can update her linking strategy

by creating a new link or deleting an existing link as a local best response

to the current network.



Result:

At each period of time, the network generated by this dynamic formation

process is a nested split graph.

Nested split graphs have a very nice and simple structure that make

them very tractable to work with.

Here: A complex dynamic network formation model can be characterized

by a simple structure in terms of networks it generates.



Result:

There exists a unique stationary network, which is a nested split graph.

We show under which conditions these networks emerge and that there

exists a sharp transition between hierarchical and flat network structures.



Result:

Our model is able to match the characteristics of most real-life networks.

We show that the stationary networks emerging in our link formation

process are characterized by short path length with high clustering

(small worlds), exponential degree distributions with power law tails

and negative degree-clustering correlation.

Without capacity constraints in the number of links an agent can main-

tain: networks are dissortative.

With capacity constraints: networks are assortative.



A Network Game with Linear Quadratic
Payoffs

• We consider a network game where payoffs are interdependent (Ballester
et al., 2006)

• A is the symmetric n× n adjacency matrix of network G.

• Each agent i = 1, .., n selects an effort level xi ≥ 0 and obtains a

payoff of (λ > 0):

ui(x1, ..., xn) = xi −
1

2
x2i| {z }

own concavity

+ λ
X

aijxixj| {z }
local complementarities
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A Network Game with Linear Quadratic Payoffs

Nash Equilibrium
Theorem:3

An interior Nash equilibrium in pure strategies x∗ ∈ Rn
+ is such that for all

i = 1, ..., n we have that (FOC) ∂ui (x∗)
∂xi

= 0. From this one can show that
the Nash equilibrium is given by

x∗i = bi (G , λ)

where bi (G , λ) is the Bonacich network centrality of parameter
λ < 1/λPF(G ) and λPF(G ) the largest real eigenvalue in the network G .
Equilibrium payoffs are given by

ui (x∗,G ) =
1

2
(x∗i )2 =

1

2
b2

i (G , λ).

3C. Ballester, A. Calvo-Armengol and Y. Zenou, Who’s Who in Networks. Wanted:
The Key Player, Econometrica 74(5):1403–1417, 2006

http://www.sg.ethz.ch/



Formal definition of best responses of an agent in network G(t)

Definition 0.1 Consider the current networkG(t, L(t)) with agentsN =

{1, ..., n} and links L(t). Let G(t)+ij be the graph obtained from G(t)

by the addition of the edge ij /∈ G(t) between agents i ∈ N and j ∈ N .

Further, let π∗(G(t)) = (π∗1(G(t)), ..., π
∗
n(G(t))) denote the profile of

Nash equilibrium payoffs of the agents in G(t) following from the payoff

function with parameter λ < 1/λPF(G(t)).

Then agent j is a best response of agent i if π∗i (G(t)+ ij) ≥ π∗i (G(t)+
ik) for all j, k ∈ N \ (Ni ∪ {i}). Agent j may not be unique. The set
of agent i’s best responses is denoted by BRi(G(t)).



Definition 0.2 We define the network formation process (G(t))∞t=0, G(t) =
(N,L(t)), as a sequence of networks G(0), G(1), G(2), ... in which at

every step t = 0, 1, 2, ...}, an agent i ∈ N is uniformly selected at

random. Then one of the following two events occurs:

a. With probability α ∈ (0, 1) agent i initiates a link to a best response
agent j ∈ BRi(G(t)). Then the link ij is created if i ∈ BRj(G(t)) is

a best response of j, given the current network G(t). If BRi(G(t)) is

not unique, then i selects randomly one agent in BRi(G(t)).

b. With probability 1−α the link ij ∈ G(t) is removed such that π∗i (G(t)−
ij) ≤ π∗i (G(t)− ik) for all j, k ∈ Ni. If agent i does not have any link

then nothing happens.



Stationary Networks: Characterization

The network formation process (G(t))t∈T is a Markov process. Denote
by Ω the state space of (G(t))∞t=0. Ω consists of all possible unlabeled

nested split graphs on n nodes. It can be shown that the number of

possible states is |Ω| = 2n−1. Thus the number of states is finite and
the transition between states can be represented by a transition matrix

P.

(G(t))∞t=0 is a Markov chain. Indeed, the network G(t + 1) ∈ Ω is

obtained from G(t) by removing or adding a link to G(t). Thus, the

probability of obtaining G(t+ 1) depends only on G(t) and not on the

previous networks for t0 < t.



The number of possible networks G(t) is finite for any discrete time

t ≥ 0 and the transition probabilities from a network G(t) to G(t+ 1)

do not depend on t. Therefore, (G(t))∞t=0 is a finite state, discrete,
time-homogeneous Markov process.

Transition matrix

Pij = P (G(t+ 1) = Gj | G(t) = Gi) for any Gi,Gj ∈ Ω



Proposition 0.2 The network formation process (G(t))∞t=0 induces an
ergodic Markov chain on the state space Ω with a unique stationary

distribution μ. In particular, the state space Ω is finite and consists of

all possible unlabeled nested split graphs on n nodes, where the number

of possible states is given by |Ω| = 2n−1.

Uniqueness: This Markov chain is irreducible and aperiodic.

There exists a unique stationary distribution μ satisfying: μP = μ



Notations:

{N(t)}∞t=0: degree distribution

Nd(t): Number of nodes with degree d at time t in G(t)

nd(t) = Nd(t)/n: Proportion of nodes with degree d at time t in G(t).

nd = limt→∞E[nd(t)]: Asymptotic expected value of nd(t)

The following proposition determines the asymptotic degree distribution

(i.e. t large enough) of the nodes in the independent sets for n large

enough.



Proposition 0.4 Let 0 ≤ α ≤ 1/2. Then the asymptotic expected pro-
portion nd of nodes in the independent sets with degrees, d = 0, 1, ..., d

∗,
for large n is given by:

nd =
(1− 2α)
(1− α)

µ
α

1− α

¶d
where

d∗(n, α) =
ln
µ
(1−2α)n
2(1−α)

¶
ln
³
1−α
α

´
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Stationary Distribution

“Expected”Adjacency Matrix

⇒ Low α, hierarchical, centralized network.

⇒ High α, highly decentralized network.

http://www.sg.ethz.ch/
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Stationary Distribution
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Whither now?  

Bridging random/mechanical – economic/strategic
Networks in Applications

Diffusion of information, technology– relate to network structure
Labor, mobility, voting, trade, collaboration, crime, www, ...

Empirical/Experimental
case studies lack economic variables, tie networks to outcomes, 
enrich modeling of social interactions from a structural perspective

Furthering game theoretic modeling, and random modeling
Foundations and Tools– centrality, power, allocation rules, 
community structures, ...
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